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✐♥t♦ ❢✉❧❧ ❢♦r♠❛❧ ♣r♦♦❢s ✐♥ s♦♠❡ ♣r♦♦❢ ❛ss✐st❛♥t✴❝❤❡❝❦❡r✳ ❚❤✐s ❧❛st st❡♣ ✐s ❞♦♥❡
❜② ❢♦r♠❛❧✐③✐♥❣ t❤❡ ♣r♦♦❢s ♦❢ t❡r♠✐♥❛t✐♦♥ ❝r✐t❡r✐❛ ✉s❡❞ ✐♥ ♠♦❞❡r♥ t❡r♠✐♥❛t✐♦♥
♣r♦✈❡rs✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ s♦♠❡ ♦❢ t❤❡s❡ ❝r✐t❡r✐❛
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t❡r♠ r❡✇r✐t✐♥❣✱ ✇❤❡r❡ ❛ ♥✉♠❜❡r ♦❢ ♠❡t❤♦❞s ❛♥❞ t♦♦❧s ❢♦r ♣r♦✈✐♥❣ t❡r♠✐♥❛t✐♦♥ ❤❛s
❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ♦✈❡r t❤❡ ②❡❛rs✳ ❊♥s✉r✐♥❣ r❡❧✐❛❜✐❧✐t② ♦❢ t❤♦s❡ t♦♦❧s ✐s ❛♥ ✐♠♣♦rt❛♥t
❛♥❞ ❝❤❛❧❧❡♥❣✐♥❣ ✐ss✉❡✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r❡s❡♥t ❛ ♠❡t❤♦❞♦❧♦❣② ❛♥❞ ❛ t♦♦❧ ❢♦r t❤❡
❛✉t♦♠❛t❡❞ ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts ♦❢ s✉❝❤ ❛✉t♦♠❛t❡❞ t❡r♠✐♥❛t✐♦♥ ♣r♦✈❡rs✳ ❚❤✐s
✐s ❛❝❝♦♠♣❧✐s❤❡❞ ❜② ♠❡❛♥s ♦❢ t❡r♠✐♥❛t✐♦♥ ❝❡rt✐✜❝❛t❡s✱ t❤❛t ❝❛♥ ❜❡ ❡❛s✐❧② ❣❡♥❡r❛t❡❞
❜② t❡r♠✐♥❛t✐♦♥ ♣r♦✈❡rs✱ ❛♥❞ t❤❡♥ ❜② t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤♦s❡ ❝❡rt✐✜❝❛t❡s
✐♥t♦ ❢✉❧❧ ❢♦r♠❛❧ ♣r♦♦❢s ✐♥ s♦♠❡ ♣r♦♦❢ ❛ss✐st❛♥t✴❝❤❡❝❦❡r✳ ❚❤✐s ❧❛st st❡♣ ✐s ❞♦♥❡
❜② ❢♦r♠❛❧✐③✐♥❣ t❤❡ ♣r♦♦❢s ♦❢ t❡r♠✐♥❛t✐♦♥ ❝r✐t❡r✐❛ ✉s❡❞ ✐♥ ♠♦❞❡r♥ t❡r♠✐♥❛t✐♦♥
♣r♦✈❡rs✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ s♦♠❡ ♦❢ t❤❡s❡ ❝r✐t❡r✐❛
✐♥ t❤❡ ♣r♦♦❢ ❛ss✐st❛♥t ❈♦q ❛♥❞ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤♦s❡ ❢♦r♠❛❧✐③❛t✐♦♥s ✐♥ t❤❡
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s②st❡♠s ✭❚❘❙s✮ ❬✶✸❪✳ ■t ✐s ❛♥ ✐♠♣♦rt❛♥t ❛♥❞ ❞✐✣❝✉❧t ♣r♦❜❧❡♠✳ ▼❛♥② ❝r✐t❡r✐❛
❛♥❞ t♦♦❧s ❢♦r ♣r♦✈✐♥❣ t❡r♠✐♥❛t✐♦♥ ❛✉t♦♠❛t✐❝❛❧❧② ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ♦✈❡r t❤❡
❧❛st ②❡❛rs✳ ❙✉❝❤ t♦♦❧s ✭❛♥❞ t❤❡ ♣r♦♦❢s t❤❡② ♣r♦❞✉❝❡✮ ❛r❡ ❣❡tt✐♥❣ ♠♦r❡ ❛♥❞ ♠♦r❡
❝♦♠♣❧❡①✳ ❚❤✐s ♠❛❦❡s ❡♥s✉r✐♥❣ t❤❡✐r r❡❧✐❛❜✐❧✐t② ❛ ❜✐❣ ❝❤❛❧❧❡♥❣❡✳ ❍❡♥❝❡✱ ✐♥ ♦r❞❡r t♦
❜❡ ✉s❡❞ ✐♥ ♣r♦♦❢ ❛ss✐st❛♥ts ♦r ✐♥ t❤❡ ❝❡rt✐✜❝❛t✐♦♥ ♦❢ ❝r✐t✐❝❛❧ s②st❡♠s✱ t❤❡✐r r❡s✉❧ts
♥❡❡❞ t♦ ❜❡ ❢♦r♠❛❧❧② ✈❡r✐✜❡❞✳
❖♥❡ ✇❛② t♦ ❛❝❝♦♠♣❧✐s❤ t❤✐s ❣♦❛❧ ✐s t♦ ✈❡r✐❢② t❤❡ t♦♦❧ ✐ts❡❧❢ ❜② ♣r♦✈✐♥❣ t❤❛t
✐t ✐s ❝♦rr❡❝t ❛♥❞ ❤❡♥❝❡ ✐ts r❡s✉❧ts ❝❛♥ ❜❡ tr✉st❡❞✳ ❚❤✐s ✐s ❛ ✈❡r② ❤❛r❞ ❛♥❞ t✐♠❡✲
❝♦♥s✉♠✐♥❣ t❛s❦✳ ▼♦r❡♦✈❡r✱ ❡✈❡r② ❝❤❛♥❣❡ ✐♥ t❤❡ t♦♦❧ r❡q✉✐r❡s t♦ r❡❞♦ s♦♠❡ ♦❢ t❤❡
♣r♦♦❢s✳ ❆♥♦t❤❡r ❛♣♣r♦❛❝❤ ✐s t♦ ❝❡rt✐❢② t❤❡ ♦✉t♣✉t ♦❢ t❤❡ t♦♦❧✱ ❡✈❡r② t✐♠❡ ✐t ✐s
✉s❡❞✱ ✉s✐♥❣ s♦♠❡ ♣r♦♦❢ ❛ss✐st❛♥t✴❝❤❡❝❦❡r✳ ❚❤✐s ✐s s✐♠♣❧❡r✱ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡
✇❛② t❤❡ t♦♦❧ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛♥❞✱ ✐♥❞❡❡❞✱ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❝❡rt✐❢②✐♥❣ t❤❡ r❡s✉❧ts
♦❢ ♦t❤❡r t♦♦❧s✳ ❍♦✇❡✈❡r✱ t❤✐s r❡q✉✐r❡s t❤❛t t❤❡ t♦♦❧ ♣r♦✈✐❞❡s ❡♥♦✉❣❤ ✐♥❢♦r♠❛t✐♦♥
t♦ ❡❛s✐❧② ❝❤❡❝❦ ✐ts r❡s✉❧ts✳ ❲❡ ♦♣t❡❞ ❢♦r t❤❡ ❧❛tt❡r ❛♣♣r♦❛❝❤✳
❖✉r ✜rst ❝♦♥tr✐❜✉t✐♦♥ ✐s ❈♦▲♦❘✿ ❛ r✐❝❤ ❧✐❜r❛r② ♦❢ t❡r♠✐♥❛t✐♦♥ r❡❧❛t❡❞ r❡s✉❧ts
✭✺✺✵✵✵ ❧✐♥❡s✮✱ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ♣r♦♦❢ ❛ss✐st❛♥t✴❝❤❡❝❦❡r ❈♦q ❬✷✺❪✳ ❋✐rst ✇❡ ❞❡✜♥❡❞
s♦♠❡ ❣❡♥❡r❛❧ ♠❛t❤❡♠❛t✐❝❛❧ str✉❝t✉r❡s ❛♥❞ t❤❡♥✱ ❜✉✐❧❞✐♥❣ ♦♥ t❤❛t✱ ❢♦r♠❛❧✐③❡❞ ❛
♥✉♠❜❡r ♦❢ ♠♦❞❡r♥ t❡r♠✐♥❛t✐♦♥ ❝r✐t❡r✐❛✳ ❙♦♠❡ ♦❢ t❤❡♠ ✇❡r❡ ❛❧r❡❛❞② ♣r❡s❡♥t❡❞
✐♥ ❬✾✱ ✷✾✱ ✸✵❪✱ ❤❡♥❝❡ ✐♥ t❤✐s ♣❛♣❡r ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♦♥❡s t❤❛t ✇❡r❡ ♥♦t ♣r❡s❡♥t❡❞
❜❡❢♦r❡✳ ❲❡ ❞❡s❝r✐❜❡ t❤❡ ❈♦▲♦❘ ❧✐❜r❛r② ✐♥ ❙❡❝t✐♦♥ ✹✱ ❛❢t❡r ✐♥tr♦❞✉❝✐♥❣ ❣❡♥❡r❛❧
♣r❡❧✐♠✐♥❛r✐❡s ✭❙❡❝t✐♦♥ ✷✮ ❛♥❞ ❞✐s❝✉ss✐♥❣ t❤❡ ❣❡♥❡r❛❧ ❛r❝❤✐t❡❝t✉r❡ ♦❢ ♦✉r ❛♣♣r♦❛❝❤
✭❙❡❝t✐♦♥ ✸✮✳
❚❤❡ s❡❝♦♥❞ ❝♦♥tr✐❜✉t✐♦♥ ✐s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❢♦r♠❛❧ ❣r❛♠♠❛r ❢♦r r❡♣r❡s❡♥t✐♥❣
t❡r♠✐♥❛t✐♦♥ ❝❡rt✐✜❝❛t❡s✳ ❚❤✐s ❣r❛♠♠❛r ✐s ✐♥❞❡♣❡♥❞❡♥t ❜♦t❤ ♦❢ t❤❡ t❡r♠✐♥❛t✐♦♥
♣r♦✈❡r ✭✉s❡❞ t♦ ❣❡♥❡r❛t❡ ❛ ❝❡rt✐✜❝❛t❡✮ ❛♥❞ ♦❢ t❤❡ ♣r♦♦❢ ❛ss✐st❛♥t ✭✉s❡❞ t♦ ✈❡r✐❢②
t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ❝❡rt✐✜❝❛t❡✮✳ ❲❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ✐t ✐♥ ❙❡❝t✐♦♥ ✺✳
❋✐♥❛❧❧② ✇❡ ❞❡✈❡❧♦♣❡❞ ❛ s✐♠♣❧❡ ♣r♦❣r❛♠✱ ❘❛✐♥❜♦✇✱ t❤❛t ❝❛♥ tr❛♥s❧❛t❡ t❤❡ ❛❢♦r❡✲
♠❡♥t✐♦♥❡❞ t❡r♠✐♥❛t✐♦♥ ❝❡rt✐✜❝❛t❡s ✐♥t♦ ❢✉❧❧ ❢♦r♠❛❧ ♣r♦♦❢s t❤❛t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞
❜② ❈♦q ✇✐t❤ t❤❡ ✉s❡ ♦❢ ❈♦▲♦❘✳ ❲❡ ✇✐❧❧ ♣r❡s❡♥t t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❝❡rt✐✜❝❛✲
t✐♦♥ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ ❘❛✐♥❜♦✇ ✐♥ ❙❡❝t✐♦♥ ✼ ❛❢t❡r ❞✐s❝✉ss✐♥❣ r❡❧❛t❡❞ ✇♦r❦ ✐♥
❙❡❝t✐♦♥ ✻✳
▼♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤✐s ♣r♦❥❡❝t✱ ❛s ✇❡❧❧ ❛s t❤❡ s♦✉r❝❡s ♦❢ t❤❡ ❘❛✐♥❜♦✇
♣r♦❣r❛♠ ❛♥❞ t❤❡ ❈♦▲♦❘ ❧✐❜r❛r②✱ ❝❛♥ ❜❡ ❢♦✉♥❞ ♦♥ ❤tt♣✿✴✴❝♦❧♦r✳✐♥r✐❛✳❢r✴✳
✷ Pr❡❧✐♠✐♥❛r✐❡s
❲❡ ❜❡❣✐♥ ❜② ❜r✐❡✢② r❡❝❛❧❧✐♥❣ ❛ ❢❡✇ ❜❛s✐❝ ♥♦t✐♦♥s ❛♥❞ r❡❢❡r t♦ ❬✶✸❪ ❢♦r ❢✉rt❤❡r
❞❡t❛✐❧s ♦♥ t❡r♠ r❡✇r✐t✐♥❣✳
▲❡t V ❜❡ ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s✱ ❛♥❞ Σ ❜❡ ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥ s②♠❜♦❧s ❞✐s❥♦✐♥t ❢r♦♠
V✱ ❡❛❝❤ s②♠❜♦❧ f ∈ Σ ❜❡✐♥❣ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ✜①❡❞ ❛r✐t② ar(f) ≥ 0✳ ❆ t❡r♠ ✐s
❡✐t❤❡r ❛ ✈❛r✐❛❜❧❡ ♦r ❛ ❢✉♥❝t✐♦♥ s②♠❜♦❧ f ∈ Σ ❛♣♣❧✐❡❞ t♦ ar(f) t❡r♠s✳ ❲❡ ❞❡♥♦t❡
t❤❡ s❡t ♦❢ t❡r♠s ❜② T (Σ,V)✳ ❆ s✉❜st✐t✉t✐♦♥ σ ✐s ❛ ♠❛♣♣✐♥❣ ❢r♦♠ ✈❛r✐❛❜❧❡s t♦
❘❘ ♥➦ ✻✾✹✾
✹ ❋ré❞ér✐❝ ❇❧❛♥q✉✐ ✱ ❆❞❛♠ ❑♦♣r♦✇s❦✐
t❡r♠s✳ ■ts ❛♣♣❧✐❝❛t✐♦♥ t♦ ❛ t❡r♠ t✱ ✇r✐tt❡♥ tσ✱ r❡♣❧❛❝❡s ❡✈❡r② ♦❝❝✉rr❡♥❝❡ ♦❢ ❛
✈❛r✐❛❜❧❡ x ✐♥ t ❜② σ(x)✳
❆ t❡r♠ r❡✇r✐t✐♥❣ s②st❡♠ ✭❚❘❙✮ R ♦✈❡r T (Σ,V) ✐s ❛ s❡t ♦❢ ♣❛✐rs (ℓ, r) ∈
T (Σ,V)×T (Σ,V)✱ ❢♦r ✇❤✐❝❤ ℓ 6∈ V ❛♥❞ ❛❧❧ ✈❛r✐❛❜❧❡s ♦❢ r ♦❝❝✉r ✐♥ ℓ✳ P❛✐rs (ℓ, r)
❛r❡ ❝❛❧❧❡❞ r❡✇r✐t❡ r✉❧❡s ❛♥❞ ❛r❡ ✉s✉❛❧❧② ✇r✐tt❡♥ ❛s ℓ→ r✳
❋♦r ❛ ❚❘❙ R ✇❡ ❞❡✜♥❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ ✐ts s✐❣♥❛t✉r❡ Σ ✐♥t♦ ❞❡✜♥❡❞ s②♠❜♦❧s ✭s❡t
D✮ ❛♥❞ ❝♦♥str✉❝t♦rs ✭s❡t C✮✿ ❛ s②♠❜♦❧ f ∈ Σ ✐s ❞❡✜♥❡❞ ✐❢ f ✐s t❤❡ r♦♦t s②♠❜♦❧
♦❢ ❛ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ❛ r✉❧❡ ❢r♦♠ R✳
●✐✈❡♥ ❛ ❚❘❙ R✱ ❧❡t →R ❜❡ t❤❡ s♠❛❧❧❡st r❡❧❛t✐♦♥ ❝♦♥t❛✐♥✐♥❣ R t❤❛t ✐s st❛❜❧❡
❜② ❝♦♥t❡①t✱ ✐✳❡✳✱ f(. . . ti . . .)→Rf(. . . t′i . . .) ✇❤❡♥❡✈❡r ti→Rt
′
i✱ ❛♥❞ s✉❜st✐t✉t✐♦♥✱
✐✳❡✳✱ tσ→Rt′σ ✇❤❡♥❡✈❡r t→Rt′✳ ❲❡ ✐♥tr♦❞✉❝❡ t✇♦ r❡str✐❝t✐♦♥s ♦❢ →R✿
✕
ǫ
→R ✇❤❡r❡ r❡✇r✐t✐♥❣ ✐s ❛❧❧♦✇❡❞ ♦♥❧② ❛t t❤❡ r♦♦t ♣♦s✐t✐♦♥ ✭t♦♣ st❡♣s✮ ❛♥❞
✕
>ǫ
→R ✇❤❡r❡ r❡✇r✐t✐♥❣ ✐s ❛❧❧♦✇❡❞ ❛♥②✇❤❡r❡ ❜✉t ❛t t❤❡ r♦♦t ♣♦s✐t✐♦♥✳
❋♦r ❛♥ ❛r❜✐tr❛r② r❡❧❛t✐♦♥ → ✇❡ ❞❡♥♦t❡ ✐ts r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ❜②
→∗✳ ❆ ❜✐♥❛r② r❡❧❛t✐♦♥ → ✐s ❝❛❧❧❡❞ t❡r♠✐♥❛t✐♥❣ ♦r str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣✱ SN(→)✱
✐❢ ✐t ✐s ✇❡❧❧✲❢♦✉♥❞❡❞✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐sts ♥♦ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ t0, t1, . . . s✉❝❤ t❤❛t
ti → ti+1 ❢♦r ❛❧❧ i ∈ N✳ ❆ ❚❘❙ R ✐s ❝❛❧❧❡❞ t❡r♠✐♥❛t✐♥❣ ✐❢ SN(→R) ❤♦❧❞s✳
❆ ❜✐♥❛r② r❡❧❛t✐♦♥ →1 ✐s ❝❛❧❧❡❞ t❡r♠✐♥❛t✐♥❣ r❡❧❛t✐✈❡ t♦ ❛ ❜✐♥❛r② r❡❧❛t✐♦♥ →2✱
✇r✐tt❡♥ ❛s SN(→1 /→2)✱ ✐❢ t❤❡r❡ ✐s ♥♦ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ t0, t1, . . . s✉❝❤ t❤❛t
✕ ti →1 ti+1 ❢♦r ✐♥✜♥✐t❡❧② ♠❛♥② ✈❛❧✉❡s ♦❢ i✱ ❛♥❞
✕ ti →2 ti+1 ❢♦r ❛❧❧ ♦t❤❡r ✈❛❧✉❡s ♦❢ i✳
❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ →1 /→2 t♦ ❞❡♥♦t❡ →∗2 · →1✱ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ →
∗
2 ❛♥❞
→1✳ ❚❤❡♥ SN(→1 /→2) ❝♦✐♥❝✐❞❡s ✇✐t❤ ✇❡❧❧✲❢♦✉♥❞❡❞♥❡ss ♦❢ →∗2 · →1✳
✸ ●❡♥❡r❛❧ ❛r❝❤✐t❡❝t✉r❡
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❣✐✈❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ♦✉r ❛♣♣r♦❛❝❤ t♦ ❝❡rt✐✜❝❛t✐♦♥ ♦❢ t❡r♠✐♥❛t✐♦♥✳
❖✉r ❣♦❛❧ ✐s t♦ ✈❡r✐❢② t❤❡ r❡s✉❧ts ♣r♦❞✉❝❡❞ ❜② t❡r♠✐♥❛t✐♦♥ ♣r♦✈❡rs ✇✐t❤ t❤❡ ✉s❡
♦❢ t❤❡ ❈♦q ♣r♦♦❢ ❛ss✐st❛♥t ❬✷✺✱ ✹❪✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❜② ♠❡❛♥s ♦❢ ❝❡rt✐✜❝❛t❡s✱ t❤❛t
✐s ❛ tr❛♥s❝r✐♣t✐♦♥ ♦❢ t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢s ✐♥ ❛ ❞❡❞✐❝❛t❡❞ ❢♦r♠❛t✳ ❚❤❡r❡ ❛r❡ t❤r❡❡
♠❛✐♥ ✐♥❣r❡❞✐❡♥ts t♦ ♦✉r ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❞✐s❝✉ss ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ t❤❡
r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣❛♣❡r✿
✕ ❈♦▲♦❘ ✭❈♦q ❧✐❜r❛r② ♦♥ ❘❡✇r✐t✐♥❣ ❛♥❞ ❚❡r♠✐♥❛t✐♦♥✮✿ ❛ ❈♦q ❧✐❜r❛r② ❝♦♥s✐st✐♥❣
♦❢ ❢♦r♠❛❧✐③❡❞ t❡r♠✐♥❛t✐♦♥ t❡❝❤♥✐q✉❡s ✭❙❡❝t✐♦♥ ✹✮✱
✕ ❚❈● ✭❚❡r♠✐♥❛t✐♦♥ ❈❡rt✐✜❝❛t❡s ●r❛♠♠❛r✮✿ ❛ ❢♦r♠❛t ❢♦r t❡r♠✐♥❛t✐♦♥ ❝❡rt✐✜✲
❝❛t❡s ✭❙❡❝t✐♦♥ ✺✮✱
✕ ❘❛✐♥❜♦✇✿ ❛ s✐♠♣❧❡ ♣r♦❣r❛♠ tr❛♥s❢♦r♠✐♥❣ t❡r♠✐♥❛t✐♦♥ ❝❡rt✐✜❝❛t❡s t♦ ❢♦r♠❛❧
t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢s✱ ✈❡r✐✜❛❜❧❡ ❜② ❈♦q ✭❙❡❝t✐♦♥ ✼✮✳
❲❡ ♥♦✇ s❦❡t❝❤ ❤♦✇ t❤❡ ❝❡rt✐✜❝❛t✐♦♥ ♣r♦❝❡ss ❧♦♦❦s ❧✐❦❡✳ ❋♦r ❛ ❣✐✈❡♥ ❚❘❙ R
s♦♠❡ t❡r♠✐♥❛t✐♦♥ ♣r♦✈❡r ✐s ❝❛❧❧❡❞✳ ■❢ ✐t s✉❝❝❡❡❞s ✐♥ ♣r♦✈✐♥❣ t❡r♠✐♥❛t✐♦♥ ✇✐t❤ t❤❡
❝✉rr❡♥t❧② s✉♣♣♦rt❡❞ ♠❡t❤♦❞s✱ ✐t ♦✉t♣✉ts ❛ t❡r♠✐♥❛t✐♦♥ ❝❡rt✐✜❝❛t❡ ✐♥ t❤❡ ❚❈●
■◆❘■❆






















❋✐❣✳ ✶✳ ❈❡rt✐❢②✐♥❣ t❡r♠✐♥❛t✐♦♥ ✇✐t❤ ❈♦▲♦❘ ❛♥❞ ❘❛✐♥❜♦✇
❢♦r♠❛t✳ ❚❤✐s ❝❡rt✐✜❝❛t❡ ✐s t❤❡♥ ❣✐✈❡♥ t♦ ❘❛✐♥❜♦✇ ✇❤✐❝❤ tr❛♥s❧❛t❡s ✐t ✐♥t♦ ❛ ❈♦q
s❝r✐♣t ❝♦♥t❛✐♥✐♥❣ ❛ ❢♦r♠❛❧ ♣r♦♦❢ ♦❢ t❤❡ ❝❧❛✐♠ t❤❛tR ✐s t❡r♠✐♥❛t✐♥❣✳ ❚♦ ❛❝❝♦♠♣❧✐s❤
t❤❛t✱ ❘❛✐♥❜♦✇ ✉s❡s t❤❡ t❤❡♦r❡♠s ❛♥❞ t❛❝t✐❝s ♦❢ ❈♦▲♦❘✳ ❚❤❡♥ ❈♦q ✐s ❡①❡❝✉t❡❞ ♦♥
t❤✐s s❝r✐♣t ✭❛s ❛ ♣r♦♦❢ ❝❤❡❝❦❡r✮ t♦ ✈❛❧✐❞❛t❡ t❤❛t t❤❡ ❛r❣✉♠❡♥t ♣r♦✈✐❞❡❞ ❜② t❤❡
t❡r♠✐♥❛t✐♦♥ t♦♦❧ ✐s ❝♦rr❡❝t✳ ❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ✢♦✇ ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❋✐❣✉r❡ ✶✳
✹ ❈♦▲♦❘✿ ❛ ❈♦q ▲✐❜r❛r② ♦❢ ❘❡s✉❧ts ♦♥ ❚❡r♠✐♥❛t✐♦♥
❈♦q ❬✷✺✱ ✹❪ ✐s ❛ ♣r♦♦❢ ❛ss✐st❛♥t✴❝❤❡❝❦❡r ❜❛s❡❞ ♦♥ t❤❡ ❈❛❧❝✉❧✉s ♦❢ ■♥❞✉❝t✐✈❡ ❈♦♥✲
str✉❝t✐♦♥s ✭❈■❈✮ ❬✸✼❪✱ ❛ ✈❡r② r✐❝❤ t②♣❡❞ λ✲❝❛❧❝✉❧✉s ❢♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♦❢s✲❛s✲♦❜❥❡❝ts
♣r✐♥❝✐♣❧❡ ✐♥❝❧✉❞✐♥❣ s✐♠♣❧❡✱ ✐♥❞✉❝t✐✈❡✱ ❞❡♣❡♥❞❡♥t ❛♥❞ ♣♦❧②♠♦r♣❤✐❝ t②♣❡s✳ ■t ❛❧✲
❧♦✇s t♦ ❞❡✜♥❡ ❢✉♥❝t✐♦♥s ✉s✐♥❣ ✜①♣♦✐♥ts ❛♥❞ ♣❛tt❡r♥ ♠❛t❝❤✐♥❣✱ ❜✉t r❡❝✉rs✐✈❡ ❝❛❧❧s
♠✉st ❜❡ ❞♦♥❡ ♦♥ str✉❝t✉r❛❧❧② s♠❛❧❧❡r ❛r❣✉♠❡♥ts t♦ ❡♥s✉r❡ t❡r♠✐♥❛t✐♦♥✳ ■t ❛❧s♦
♣r♦✈✐❞❡s ❛ ❤✐❣❤✲❧❡✈❡❧ t❛❝t✐❝ ❧❛♥❣✉❛❣❡ ❛❧❧♦✇✐♥❣ t♦ ❞♦ ♥♦♥✲❧✐♥❡❛r ♣❛tt❡r♥✲♠❛t❝❤✐♥❣
♦♥ t❤❡ ❝✉rr❡♥t ❣♦❛❧s ❛♥❞ ❤②♣♦t❤❡s❡s ❬✶✶❪✳ Pr♦♦❢s ❝❛♥ t❤❡♥ ❜❡ ❜✉✐❧t ❜② ✉s✐♥❣ ✉s❡r✲
❞❡✜♥❡❞ ❛♥❞ ❜✉✐❧t✲✐♥ t❛❝t✐❝s r❛♥❣✐♥❣ ❢r♦♠ ❜❛s✐❝ t❛❝t✐❝s ❧✐❦❡ ❛♣♣❧②✐♥❣ ❛ t❤❡♦r❡♠✱
t♦ ❝♦♠♣❧❡① t❛❝t✐❝s ❧✐❦❡ ❛ ❞❡❝✐s✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r Pr❡s❜✉r❣❡r ❛r✐t❤♠❡t✐❝✳
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ❈♦q ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ ✈❛r✐♦✉s ❛❞✈❛♥❝❡❞ t❡r♠✐✲
♥❛t✐♦♥ ❝r✐t❡r✐❛ ✉s❡❞ ✐♥ ♠♦❞❡r♥ ❛✉t♦♠❛t❡❞ t❡r♠✐♥❛t✐♦♥ ♣r♦✈❡rs✳ ❚❤❡s❡ ❝r✐t❡r✐❛
❛r❡ t❤❡♥ ✉s❡❞ t♦ ❝❡rt✐❢② t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢s t❤❛t ♠❛❦❡ ✉s❡ ♦❢ t❤❡♠✳ ❋♦r ❞♦✐♥❣
t❤✐s✱ t❤❡r❡ ❛r❡ t✇♦ ❞✐st✐♥❝t ❛♣♣r♦❛❝❤❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✇❛② ♦❜❥❡❝ts ✭s✉❝❤ ❛s
r❡✇r✐t❡ r✉❧❡s✱ ✐♥t❡r♣r❡t❛t✐♦♥s✱ ❡t❝✳✮ ❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ t❤❡ ♣r♦♦❢ ❛ss✐st❛♥t✿ ✉s✐♥❣
❛ s❤❛❧❧♦✇ ❡♠❜❡❞❞✐♥❣ ♦r ❛ ❞❡❡♣ ❡♠❜❡❞❞✐♥❣✳ ■♥ ❛ s❤❛❧❧♦✇ ❡♠❜❡❞❞✐♥❣✱ ♥♦ s♣❡❝✐✜❝
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♦❜❥❡❝ts ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ♣r♦♦❢ ❛s✲
s✐st❛♥t✳ ❋♦r ✐♥st❛♥❝❡ ❛ ♣♦❧②♥♦♠✐❛❧ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❢✉♥❝t✐♦♥✱ ✇❤❡r❡❛s ✐♥ ❛
❞❡❡♣ ❡♠❜❡❞❞✐♥❣✱ ❛ ❞❛t❛ t②♣❡ ❢♦r ♣♦❧②♥♦♠✐❛❧s ✐s ❞❡✜♥❡❞ ❛♥❞ ❛ ❣❡♥❡r❛❧ t❤❡♦r②
♦❢ ♣♦❧②♥♦♠✐❛❧s ❝❛♥ ❜❡ ❞❡✈❡❧♦♣❡❞✳ ❇♦t❤ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ t❤❡✐r ❛❞✈❛♥t❛❣❡s ❛♥❞
❞✐s❛❞✈❛♥t❛❣❡s✳ ❆ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜♦t❤ ❛♣♣r♦❛❝❤❡s ✐s ❛❧s♦ ♣♦ss✐❜❧❡✳
❆t t❤❡ ♠♦♠❡♥t ❈♦▲♦❘ ✉s❡s ❞❡❡♣ ❡♠❜❡❞❞✐♥❣s ♦♥❧②✳ ❚❤✐s ♠❡❛♥s t❤❛t✱ ❛♣❛rt
❢r♦♠ ❢♦r♠❛❧✐③❡❞ t❡r♠✐♥❛t✐♦♥ ❝r✐t❡r✐❛✱ ✐t ❛❧s♦ ❝♦♥t❛✐♥s ❞❡✈❡❧♦♣♠❡♥ts ♦❢ ✈❛r✐♦✉s
❧✐❜r❛r✐❡s ♦♥ ♠❛t❤❡♠❛t✐❝❛❧ str✉❝t✉r❡s✱ ❞❛t❛ str✉❝t✉r❡s ❛♥❞ t❡r♠ str✉❝t✉r❡s t❤❛t
❝❛♥ ❜❡ ♦❢ ❣❡♥❡r❛❧ ✐♥t❡r❡st ❛♥❞ ♠❛② ❜❡ ✉s❡❞ ✐♥ ♦t❤❡r ❢♦r♠❛❧✐③❛t✐♦♥ ❡✛♦rts ♥♦t
♥❡❝❡ss❛r✐❧② r❡❧❛t❡❞ t♦ t❡r♠✐♥❛t✐♦♥ ❛♥❞✴♦r r❡✇r✐t✐♥❣✳
❆❧t♦❣❡t❤❡r✱ t❤❡ ❈♦▲♦❘ ❧✐❜r❛r② ❤❛s ♥❡❛r❧② ✺✺✵✵✵ ❧✐♥❡s ♦❢ ❝♦❞❡ ✭✐♥❝❧✉❞✐♥❣ ❝♦♠✲
♠❡♥ts ❛♥❞ ❜❧❛♥❦ ❧✐♥❡s✮ ✇✐t❤ ❛♣♣r♦①✐♠❛t❡❧② ✶✵✼✵ ❞❡✜♥✐t✐♦♥s✱ ✶✸✵ t❛❝t✐❝s ❛♥❞ ✷✽✵✵
❘❘ ♥➦ ✻✾✹✾
✻ ❋ré❞ér✐❝ ❇❧❛♥q✉✐ ✱ ❆❞❛♠ ❑♦♣r♦✇s❦✐
t❤❡♦r❡♠s ✭♠❛♥② ♦❢ ✇❤✐❝❤ ❜❡✐♥❣ s✐♠♣❧❡ ❜✉t ♥♦♥❡t❤❡❧❡ss ♥❡❝❡ss❛r②✮✳ ❆s ❛ ❝♦♠✲
♣❛r✐s♦♥✱ t❤❡ st❛♥❞❛r❞ ❧✐❜r❛r② ♦❢ ❈♦q ✽✳✷ ❤❛s ❛♣♣r♦①✐♠❛t❡❧② ✶✷✼✵✵✵ ❧✐♥❡s ♦❢ ❝♦❞❡✱
✷✻✻✵ ❞❡✜♥✐t✐♦♥s✱ ✸✶✺ t❛❝t✐❝s ❛♥❞ ✼✵✵✵ t❤❡♦r❡♠s✳
❙✐♥❝❡ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ✐s ❤✉❣❡✱ ✇❡ ❝❛♥ ♦♥❧② ❣✐✈❡ s♦♠❡ ♦✈❡r❛❧❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ ✐t✳
❲❡ ✇✐❧❧ ❤♦✇❡✈❡r ❞❡s❝r✐❜❡ s♦♠❡ ♦❢ t❤❡ ❜❛s✐❝ t②♣❡s ❛♥❞ s♦♠❡ ✐♥t❡r❡st✐♥❣ ❢✉♥❝t✐♦♥s✳
❋✐♥❛❧❧②✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ❛❧❧ ❈♦▲♦❘ t❤❡♦r❡♠s ❛r❡ ♣r♦✈❡❞ ❝♦♥str✉❝✲
t✐✈❡❧②✳ ■♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ t❡r♠✐♥❛t✐♦♥✱ ♣r♦♦❢s ❛r❡ ❣❡♥❡r❛❧❧② ❝❧❛ss✐❝❛❧✱ ❞❡❞✉❝✐♥❣
❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❢r♦♠ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ✐♥✜♥✐t❡ r❡❞✉❝t✐♦♥ s❡q✉❡♥❝❡✳ ❋✐♥❞✐♥❣
❛ ❣♦♦❞ ✐♥❞✉❝t✐♦♥ ❛r❣✉♠❡♥t ❢♦r ❝♦♥✈❡rt✐♥❣ ❛ ❝❧❛ss✐❝❛❧ ♣r♦♦❢ ✐♥t♦ ❛ ❝♦♥str✉❝t✐✈❡
♣r♦♦❢ ♠❛② ❜❡ ♥♦♥✲tr✐✈✐❛❧ ✭✐❢ ♥♦t ✐♠♣♦ss✐❜❧❡✮✳
✹✳✶ ▲✐❜r❛r✐❡s ♦♥ ♠❛t❤❡♠❛t✐❝❛❧ str✉❝t✉r❡s
❲❡ ❝✉rr❡♥t❧② ❤❛✈❡ t✇♦ ♠❛✐♥ ❧✐❜r❛r✐❡s ♦♥ ♠❛t❤❡♠❛t✐❝❛❧ str✉❝t✉r❡s✿ ❛ ❧✐❜r❛r② ♦♥
r❡❧❛t✐♦♥s✴❣r❛♣❤s ❛♥❞ ❛ ❧✐❜r❛r② ♦♥ s❡♠✐✲r✐♥❣s✳
❘❡❧❛t✐♦♥s ❛♥❞ ❣r❛♣❤s ❆ r❡❧❛t✐♦♥ R ♦♥ ❛ s❡t A ✭♦❜❥❡❝t ♦❢ t②♣❡ Type ✐♥ ❈♦q✮
✐s r❡♣r❡s❡♥t❡❞ ❛s ❛♥ ♦❜❥❡❝t ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ t②♣❡ A → A → Prop✱ ✇❤❡r❡ Prop
✐s t❤❡ t②♣❡ ♦❢ ♣r♦♣♦s✐t✐♦♥s✳ ❙tr♦♥❣ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ ❛♥ ❡❧❡♠❡♥t x ♦❢ t②♣❡ A
✐s ❞❡✜♥❡❞ ✐♥❞✉❝t✐✈❡❧② ❛s ✉s✉❛❧✿ SN R x ✐❢✱ ❢♦r ❛❧❧ y s✉❝❤ t❤❛t R x y✱ SN R y
✭t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ Acc (transp R) x ✐♥ ❈♦q✮✳ ❚❤❡♥✱ R ✐s ❝❛❧❧❡❞ t❡r♠✐♥❛t✐♥❣
✭♦r ✇❡❧❧✲❢♦✉♥❞❡❞✱ ♦r str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣✮ ✐❢ ❡✈❡r② t❡r♠ ♦❢ t②♣❡ A ✐s str♦♥❣❧②
♥♦r♠❛❧✐③✐♥❣✳
❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ r❡❧❛t✐✈❡ t❡r♠✐♥❛t✐♦♥ ♣❧❛②s ❛♥
✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢s✳ ❚❤❡ t❡r♠✐♥❛t✐♦♥ ♦❢ R r❡❧❛t✐✈❡❧② t♦ E ✐s
❞❡✜♥❡❞ ❛s t❤❡ str♦♥❣ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐♦♥ E∗ · R✱ ✇❤❡r❡ E∗ ✐s t❤❡
r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ E✳
❋✉rt❤❡r♠♦r❡✱ ✈❛r✐♦✉s ♥♦t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❧✐❦❡ t❤❡ ♥♦t✐♦♥s ♦❢ r❡❧❛t✐♦♥ ✐t❡r❛t✐♦♥✱
♣❛t❤✱ ❝②❝❧❡✱ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ❛♥❞ ❛❞❥❛❝❡♥❝② ♠❛tr✐①✱ ❛♥❞ ✈❛r✐♦✉s
❜❛s✐❝ ♣r♦♣❡rt✐❡s ❛r❡ ❡st❛❜❧✐s❤❡❞ ❛❜♦✉t t❤❡♠✳
❆♠♦♥❣ t❤❡ ♠♦st ♥♦t❛❜❧❡ t❤✐♥❣s✱ ❧❡t ✉s ♠❡♥t✐♦♥✿
✕ ❆s ♣❛rt ♦❢ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ✇♦r❦ ♦♥ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✱ ❝♦♥str✉❝t✐✈❡ ♣r♦♦❢s ♦❢
✈❛r✐♦✉s r❡s✉❧ts ♦♥ ❧✐♥❡❛r ❡①t❡♥s✐♦♥s ❬✸✽❪✳
✕ ❆ ❢✉♥❝t✐♦♥ ❝♦♠♣✉t✐♥❣ t❤❡ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ ❛ ✜♥✐t❡ r❡❧❛t✐♦♥
✭❣r❛♣❤✮✱ ✉s✐♥❣ ❜♦♦❧❡❛♥ ❛❞❥❛❝❡♥❝② ♠❛tr✐❝❡s ❬✶✹❪✳
✕ ●❡♥❡r❛❧ t❤❡♦r❡♠s ❛❜♦✉t t❤❡ ✭r❡❧❛t✐✈❡✮ str♦♥❣ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♠❜✐♥❛✲
t✐♦♥ ✭✉♥✐♦♥ ❛♥❞✴♦r ❝♦♠♣♦s✐t✐♦♥✮ ♦❢ ✈❛r✐♦✉s r❡❧❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ R · E∗
t❡r♠✐♥❛t❡s ✐❢ R t❡r♠✐♥❛t❡s ❛♥❞ E ·R ⊆ R✳ ❖r (E ∪E′)∗ · (R∪R′) t❡r♠✐♥❛t❡s
✐❢ ❜♦t❤ E∗ ·R ❛♥❞ (E ∪R)∗ · (E′ ∪R′) t❡r♠✐♥❛t❡✳
❙❡♠✐✲r✐♥❣s ❆ ❝♦♠♠✉t❛t✐✈❡ s❡♠✐✲r✐♥❣ ❬✷✶❪ ❝♦♥s✐sts ♦❢ ❛ ❝❛rr✐❡r D✱ t✇♦ ❞❡s✐❣✲
♥❛t❡❞ ❡❧❡♠❡♥ts d0, d1 ∈ D ❛♥❞ t✇♦ ❜✐♥❛r② ♦♣❡r❛t✐♦♥s ⊕,⊗ ♦♥ D✱ s✉❝❤ t❤❛t
❜♦t❤ (D, d0,⊕) ❛♥❞ (D, d1,⊗) ❛r❡ ❝♦♠♠✉t❛t✐✈❡ ♠♦♥♦✐❞s ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞✐s✲
tr✐❜✉t❡s ♦✈❡r ❛❞❞✐t✐♦♥✿ ∀x, y, z ∈ D : x⊗ (y ⊕ z) = (x⊗ y)⊕ (x⊗ z)✳
❚❤❡ ❈♦q st❛♥❞❛r❞ ❧✐❜r❛r② ❝♦♥t❛✐♥s ❛ ♥♦t✐♦♥ ♦❢ ❛ ❝♦♠♠✉t❛t✐✈❡ s❡♠✐✲r✐♥❣ ❝♦r✲
r❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♣r❡s❡♥t❡❞ ❛❜♦✈❡ t❤❛t ✐s ✉s❡❞ ❢♦r t❤❡ ✐♥♥❡r ✇♦r❦✐♥❣s
■◆❘■❆
❆✉t♦♠❛t❡❞ ❱❡r✐✜❝❛t✐♦♥ ♦❢ ❚❡r♠✐♥❛t✐♦♥ ❈❡rt✐✜❝❛t❡s ✼
♦❢ t❤❡ r✐♥❣ t❛❝t✐❝✳ ❈♦▲♦❘ ❜✉✐❧❞s ♦♥ t❤❛t ❜✉t ❡♥❝❧♦s❡s t❤❡ s❡♠✐✲r✐♥❣ s♣❡❝✐✜❝❛t✐♦♥
✇✐t❤✐♥ ❛ ♠♦❞✉❧❡ ♣r♦✈✐❞✐♥❣ ❛ r❡❛❧ ❡♥❝❛♣s✉❧❛t✐♦♥ ❛♥❞ ♠♦❞✉❧❛r✐③❛t✐♦♥✳ ❚❤✐s ❛❧❧♦✇s
❢♦r ✐♥st❛♥❝❡ t♦ ❞❡✜♥❡ ♠❛tr✐❝❡s ♦✈❡r ❛♥ ❛r❜✐tr❛r② s❡♠✐✲r✐♥❣ ♦❢ ❝♦❡✣❝✐❡♥ts✱ ✇❤✐❝❤
✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳ ■t ❛❧s♦ ❛❧❧♦✇s t♦ ♣r♦✈❡ ❛ ♥✉♠❜❡r ♦❢
r❡s✉❧ts ❢♦❧❧♦✇✐♥❣ ❢r♦♠ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛ s❡♠✐✲r✐♥❣ t❤❛t ✇✐❧❧ ❛✉t♦♠❛t✐❝❛❧❧② ❜❡
❛✈❛✐❧❛❜❧❡ ❢♦r ❛♥② ✐♥st❛♥t✐❛t✐♦♥ t♦ ❛♥ ❛❝t✉❛❧ s❡♠✐✲r✐♥❣✳ ❆ ❢❡✇ s✉❝❤ ✐♥st❛♥t✐❛t✐♦♥s
❛r❡ ♣r♦✈✐❞❡❞✿
✕ st❛♥❞❛r❞ s❡♠✐✲r✐♥❣s ♦✈❡r ♥❛t✉r❛❧ ♥✉♠❜❡rs ❛♥❞ ✐♥t❡❣❡rs ✭✇✐t❤ st❛♥❞❛r❞ ❛❞❞✐✲
t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t✐♦♥s✮❀
✕ ❛r❝t✐❝ s❡♠✐✲r✐♥❣✿ ♥❛t✉r❛❧ ♥✉♠❜❡rs✴✐♥t❡❣❡rs ❡①t❡♥❞❡❞ ✇✐t❤ −∞ ✇✐t❤ max ❛s
❛r❝t✐❝ ❛❞❞✐t✐♦♥ ❛♥❞ ✇✐t❤ st❛♥❞❛r❞ ❛❞❞✐t✐♦♥✱ +✱ ❛s s❡♠✐✲r✐♥❣ ♠✉❧t✐♣❧✐❝❛t✐♦♥❀
✕ ❛ tr♦♣✐❝❛❧ s❡♠✐✲r✐♥❣✿ ❞✉❛❧ t♦ ❛r❝t✐❝✱ ✐✳❡✳✱ ♥❛t✉r❛❧ ♥✉♠❜❡rs ❡①t❡♥❞❡❞ ✇✐t❤ +∞
✇✐t❤ min ❛♥❞ + ♦♣❡r❛t✐♦♥s✱ ✐s ✇♦r❦ ✐♥ ♣r♦❣r❡ss✳
✹✳✷ ▲✐❜r❛r✐❡s ♦♥ ❞❛t❛ str✉❝t✉r❡s
❚❤❡ ❈♦▲♦❘ ❧✐❜r❛r② ❝♦♥t❛✐♥s ♠❛♥② ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡♦r❡♠s ♦♥ ❜❛s✐❝ ❞❛t❛ str✉❝✲
t✉r❡s ❧✐❦❡ ❧✐sts✱ ✈❡❝t♦rs✱ ♣♦❧②♥♦♠✐❛❧s✱ ♠❛tr✐❝❡s ❛♥❞ ✜♥✐t❡ ♠✉❧t✐s❡ts✳ ❲❡ ❥✉st ♠❡♥✲
t✐♦♥ s♦♠❡ ✐♥t❡r❡st✐♥❣ ♣♦✐♥ts✳
❱❡❝t♦rs vector :Type → N → Type ✐s t❤❡ ♣♦❧②♠♦r♣❤✐❝ ❛♥❞ ❞❡♣❡♥❞❡♥t ✐♥❞✉❝t✐✈❡
t②♣❡ ✇❤♦s❡ ❝♦♥str✉❝t♦rs ❛r❡ Vnil : ∀ (A : Type), vector A 0 ❛♥❞ Vcons : ∀ (A :
Type) (n : N),A → vector A n → vector A (n + 1)✳ ■t ❝♦rr❡s♣♦♥❞s t♦ ❧✐sts
♦❢ ✜①❡❞ ❧❡♥❣t❤ ♦r ❛rr❛②s✳ ❚❤❡ ✉s❡ ♦❢ ❞❡♣❡♥❞❡♥t t②♣❡s ✐s ✐♥ ❣❡♥❡r❛❧ s♦♠❡✇❤❛t
❞✐✣❝✉❧t ✭❜❡❝❛✉s❡ ♦❢ t❤❡ t②♣❡ ❝♦♥str❛✐♥ts ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s✮ ❜✉t
t❤❡② ❛r❡ q✉✐t❡ ♣♦✇❡r❢✉❧✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ t❡r♠ ♦❢ t②♣❡ vector A n ❤❛s n ❡❧❡♠❡♥ts
❜② ❝♦♥str✉❝t✐♦♥✳ ❈♦▲♦❘ ♣r♦✈✐❞❡s ❛ r✐❝❤ s❡t ♦❢ ❢✉♥❝t✐♦♥s ♦♥ ✈❡❝t♦rs ❛♥❞ t❤❡♦r❡♠s
❛❜♦✉t t❤❡♠✱ t❤❛t ❤❛s ❜❡❡♥ r❡✉s❡❞ ✐♥ ❛ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ s♣✐✲❝❛❧❝✉❧✉s ❬✺❪✳
P♦❧②♥♦♠✐❛❧s ❚❤❡ ♠♦♥♦♠✐❛❧ xk11 . . . x
kn
n ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ✈❡❝t♦r ♦❢ ♥❛t✉r❛❧
♥✉♠❜❡rs (k1, . . . , kn)✳ ❆ ♣♦❧②♥♦♠✐❛❧
∑p
i=1 cimi✱ ✇❤❡r❡ mi ✐s ❛ ♠♦♥♦♠✐❛❧✱ ✐s t❤❡♥
r❡♣r❡s❡♥t❡❞ ❜② ❛ ❧✐st ♦❢ ♣❛✐rs (ci,mi)✳ ❆ ♣♦❧②♥♦♠✐❛❧ ❝❛♥ t❤❡r❡❢♦r❡ ❤❛✈❡ ❞✐✛❡r✲
❡♥t r❡♣r❡s❡♥t❛t✐♦♥s✳ ❚❤❡ ❧✐❜r❛r② ♣r♦✈✐❞❡s ❢✉♥❝t✐♦♥s t♦ ❝♦♠♣♦s❡ ❛♥❞ ❞❡❝♦♠♣♦s❡
♣♦❧②♥♦♠✐❛❧s ❛s ✇❡❧❧ ❛s ❛❧❧ t❤❡ ❜❛s✐❝ ♦♣❡r❛t✐♦♥s ♦♥ t❤❡♠ ✭❛❞❞✐t✐♦♥✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱
♣♦✇❡r✱ ❝♦♠♣♦s✐t✐♦♥✱ ❡✈❛❧✉❛t✐♦♥ ♦♥ ✐♥t❡❣❡rs✮ ❛♥❞ t❤❡♦r❡♠s ♦♥ ♠♦♥♦t♦♥✐❝✐t② ❬✷✸❪✳
■♥ ❝♦♥tr❛st t♦ ♠❛tr✐❝❡s ♦r ♠✉❧t✐s❡ts✱ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ♥♦t ②❡t ❞❡✜♥❡❞ ❛s ❛ ❢✉♥❝✲
t♦r ❜✉✐❧❞✐♥❣ ❛ str✉❝t✉r❡ ❢♦r ♣♦❧②♥♦♠✐❛❧s ❣✐✈❡♥ ❛ str✉❝t✉r❡ ❢♦r t❤❡ ❝♦❡✣❝✐❡♥ts✳
❲❡ ❤♦✇❡✈❡r ❡①♣❡❝t t♦ ❝❤❛♥❣❡ t❤✐s ✐♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ❝❡rt✐❢② ♣r♦♦❢s ✉s✐♥❣
♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣r❡t❛t✐♦♥s ✇✐t❤ r❛t✐♦♥❛❧ ♦r r❡❛❧ ❝♦❡✣❝✐❡♥ts ❬✸✹✱ ✶✻❪✳
▼✉❧t✐s❡ts ❋✐♥✐t❡ ♠✉❧t✐s❡ts ❤❛✈❡ ❜❡❡♥ ❢♦r♠❛❧✐③❡❞ t♦ ♣r♦✈❡ t❤❡ ✇❡❧❧✲❢♦✉♥❞❡❞♥❡ss
♦❢ t❤❡ ❤✐❣❤❡r✲♦r❞❡r r❡❝✉rs✐✈❡ ♣❛t❤ ♦r❞❡r✐♥❣ ✭❍❖❘P❖✮ ❬✷✻❪✳ ❚❤❡ ♠❛✐♥ ♣r♦♣❡rt②
✐s t❤❡ ❢❛❝t t❤❛t t❤❡ ♠✉❧t✐s❡t ❡①t❡♥s✐♦♥ ♦❢ ❛ ✇❡❧❧✲❢♦✉♥❞❡❞ r❡❧❛t✐♦♥ ✐s ✇❡❧❧✲❢♦✉♥❞❡❞✳
❚❤✐s✱ ❛♥❞ ❛❧❧ t❤❡ ♦t❤❡r r❡s✉❧ts ❛❜♦✉t ♠✉❧t✐s❡ts✱ ❛r❡ ♣r♦✈❡❞ ❛①✐♦♠❛t✐❝❛❧❧② ❢r♦♠ ❛
s♠❛❧❧ s❡t ♦❢ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡✐r s♣❡❝✐✜❝❛t✐♦♥s✱ ✉s✐♥❣ t❤❡ ♠♦❞✉❧❡ s②st❡♠ ♦❢ ❈♦q✳
❚❤✐s ♠❡❛♥s t❤❛t ❛❧❧ t❤♦s❡ r❡s✉❧ts ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❛ ♣❛rt✐❝✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥
♦❢ ♠✉❧t✐s❡ts✳ ❆ s✐♠♣❧❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✉s✐♥❣ ❧✐sts ✐s ♣r♦✈✐❞❡❞✳
❘❘ ♥➦ ✻✾✹✾
✽ ❋ré❞ér✐❝ ❇❧❛♥q✉✐ ✱ ❆❞❛♠ ❑♦♣r♦✇s❦✐
▼❛tr✐❝❡s ▼❛tr✐❝❡s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ❛s ✈❡❝t♦rs ♦❢ ✈❡❝t♦rs ❛♥❞ ❛r❡ ❣❡♥❡r✐❝✱ ✐✳❡✳✱
t❤❡✐r ❡♥tr✐❡s ❝♦♠❡ ❢r♦♠ ❛♥ ❛r❜✐tr❛r② s❡♠✐✲r✐♥❣✳ ❆ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s ♦♥ ♠❛✲
tr✐❝❡s ✐s ♣r♦✈✐❞❡❞ ✭♠❛tr✐① ❝r❡❛t✐♦♥✱ ❛❝❝❡ss ❢✉♥❝t✐♦♥s✱ tr❛♥s♣♦s✐t✐♦♥✱ ❛❞❞✐t✐♦♥ ❛♥❞
♠✉❧t✐♣❧✐❝❛t✐♦♥✮ ❛❧♦♥❣ ✇✐t❤ ♣r♦♦❢s ❢♦r ❛ ♥✉♠❜❡r ♦❢ ♠❛tr✐① ♣r♦♣❡rt✐❡s ✭s✉❝❤ ❛s
❛ss♦❝✐❛t✐✈✐t② ♦❢ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥✮✳ ▼❛tr✐❝❡s ❛r❡ ✉s❡❞ ❢♦r ♠❛tr✐① ❛♥❞ ❛r❝t✐❝
✐♥t❡r♣r❡t❛t✐♦♥s ❬✷✾✱ ✸✵❪✳
✹✳✸ ▲✐❜r❛r✐❡s ♦♥ t❡r♠ str✉❝t✉r❡s
❯❧t✐♠❛t❡❧②✱ t❤❡ ❈♦▲♦❘ ♣r♦❥❡❝t ✐s ✐♥t❡r❡st❡❞ ✐♥ ❝❡rt✐❢②✐♥❣ t❤❡ t❡r♠✐♥❛t✐♦♥ ♦❢ ♣r♦✲
❣r❛♠s✱ ❢♦r ✈❛r✐♦✉s ♣r♦❣r❛♠♠✐♥❣ ♣❛r❛❞✐❣♠s✿ str✐♥❣ r❡✇r✐t❡ s②st❡♠s ✭❙❘❙✮✱ t❡r♠
r❡✇r✐t❡ s②st❡♠s ✭❚❘❙✮✱ ❧♦❣✐❝ ♣r♦❣r❛♠s✱ ❢✉♥❝t✐♦♥❛❧ ♣r♦❣r❛♠s ❛♥❞ ✐♠♣❡r❛t✐✈❡ ♣r♦✲
❣r❛♠s✳ ❋♦r t❤❡ ♠♦♠❡♥t✱ ✇❡ ♠❛✐♥❧② ❝♦♥s✐❞❡r❡❞ t❤❡ ✜rst t✇♦ ♣❛r❛❞✐❣♠s✳ ◆♦t❡
❤♦✇❡✈❡r t❤❛t ❧♦❣✐❝ ♣r♦❣r❛♠s ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ♣r♦❣r❛♠s ❝❛♥ ❜❡ ♣r♦✈❡❞ t❡r♠✐♥❛t✲
✐♥❣ ❜② ✉s✐♥❣ t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ❢♦r r❡✇r✐t❡ s②st❡♠s ❬✸✺✱ ✶✽❪✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡
❢♦r♠❛❧✐③❡❞ ✈❛r✐♦✉s ❦✐♥❞s ♦❢ t❡r♠ str✉❝t✉r❡s✿
❙tr✐♥❣s ❙tr✐♥❣s ✭♦r ✇♦r❞s✮ ♦✈❡r ❛♥ ❛❧♣❤❛❜❡t A ❛r❡ s✐♠♣❧② r❡♣r❡s❡♥t❡❞ ❛s ❧✐sts
♦❢ ❡❧❡♠❡♥ts ♦❢ t②♣❡ A✳ ❋♦r t❤❡ ♠♦♠❡♥t✱ ❢❡✇ ♥♦t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❢♦r♠❛❧✐③❡❞ ♦♥
str✐♥❣s✿ ❝♦♥t❡①t✱ str✐♥❣ r❡✇r✐t❡ r✉❧❡ ❛♥❞ str✐♥❣ r❡✇r✐t❡ s②st❡♠ r❡✈❡rs❛❧✿ ❛♥ ❙❘❙
R t❡r♠✐♥❛t❡s ✐✛ ✐ts ✐♥✈❡rs❡ R−1 = {(u, v) | (v, u) ∈ R} t❡r♠✐♥❛t❡s✳
❋✐rst✲♦r❞❡r ✈❛r②❛❞✐❝ t❡r♠s ❋✐rst✲♦r❞❡r t❡r♠s ♦✈❡r ❛ s❡t Sig ♦❢ ❢✉♥❝t✐♦♥ s②♠✲
❜♦❧s ♦❢ ✈❛r②❛❞✐❝ ❛r✐t② ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❛♥ ✐♥❞✉❝t✐✈❡ t②♣❡ term : Set ✇❤♦s❡
❝♦♥str✉❝t♦rs ❛r❡ Var : N → term ❛♥❞ Fun : Sig → list term → term✳ ❋♦r t❤❡
♠♦♠❡♥t✱ ♦♥❧② t❤❡ ♥♦t✐♦♥s ♦❢ ❝♦♥t❡①t✱ s✉❜st✐t✉t✐♦♥ ❛♥❞ r❡✇r✐t✐♥❣ ❛r❡ ❞❡✜♥❡❞✳
❋✐rst✲♦r❞❡r t❡r♠s ✇✐t❤ ✜①❡❞ ❛r✐t② ❯s✉❛❧ ✜rst✲♦r❞❡r t❡r♠s ♦✈❡r ❛ s❡t Sig ♦❢
❢✉♥❝t✐♦♥ s②♠❜♦❧s ♦❢ ✜①❡❞ ❛r✐t② ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❞❡♣❡♥❞❡♥t ✐♥❞✉❝t✐✈❡ t②♣❡
term : Set ✇❤♦s❡ ❝♦♥str✉❝t♦rs ❛r❡ Var ❛♥❞ Fun ❞❡✜♥❡❞ ❜❡❧♦✇✳ ❚❤✐s ✐s t❤❡ ♠♦st
❞❡✈❡❧♦♣❡❞ t❡r♠ ❧✐❜r❛r②✳ ■t ❝♦♥t❛✐♥s t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ ♠❛♥② ♥♦t✐♦♥s ❧✐❦❡✿ ✐♥✲
t❡r♣r❡t❛t✐♦♥ ✭✉♥✐✈❡rs❛❧ ❛❧❣❡❜r❛✮✱ s✉❜st✐t✉t✐♦♥ ✭❞❡✜♥❡❞ ❛s ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ ♦♥
t❡r♠s✮✱ ❝♦♥t❡①t✱ r❡✇r✐t✐♥❣✱ ✭✇❡❛❦✮ r❡❞✉❝t✐♦♥ ♦r❞❡r✐♥❣✴♣❛✐r✱ s②♥t❛❝t✐❝ ✉♥✐✜❝❛t✐♦♥✱
❡t❝✳ ❇❡❧♦✇ ✇❡ ✇✐❧❧ ✐❧❧✉str❛t❡ t❤❡ ❜❛s✐❝ ♥♦t✐♦♥s ♦❢ t❤✐s t❡r♠ str✉❝t✉r❡❀ ❛♥♦t❤❡r ❡①✲
❛♠♣❧❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❙❡❝t✐♦♥ ❆✳
❚♦ ❞❡✜♥❡ t❡r♠s ✇❡ ✇✐❧❧ r❡♣r❡s❡♥t ✈❛r✐❛❜❧❡s ❜② ♥❛t✉r❛❧ ♥✉♠❜❡rs✱ s♦ V = N
❛♥❞ t❤❡ s✐❣♥❛t✉r❡ Σ ✐s ❞❡✜♥❡❞ ❛s✿
Notation variable := N (only parsing).
Record Signature : Type := mkSignature {
symbol :> Type;
arity : symbol → N;
eq❴symbol❴dec : ∀ f g : symbol , {f = g }+ {∼f = g }}.
❙♦ ✐t ✐s ❛ s❡t ♦❢ s②♠❜♦❧s✱ symbol ✱ ❛♥ ❛r✐t② ❢✉♥❝t✐♦♥✱ arity ✱ ❛♥❞ ❛ ♣r♦❝❡❞✉r❡ t♦
❞❡❝✐❞❡ ❡q✉❛❧✐t② ♦❢ s②♠❜♦❧s✳ ❙♦ ♥♦✇ ✇❡ ❝❛♥ ❡❛s✐❧② ❞❡✜♥❡ t❡r♠s✱ ✇❤❡r❡ ❛ t❡r♠ ✐s
❡✐t❤❡r ❛ ✈❛r✐❛❜❧❡ ♦r ❛ ❢✉♥❝t✐♦♥ s②♠❜♦❧ f ❢r♦♠ Sig ❛♣♣❧✐❡❞ t♦ arity f t❡r♠s✳
Variable Sig : Signature.
Inductive term : Type :=
■◆❘■❆
❆✉t♦♠❛t❡❞ ❱❡r✐✜❝❛t✐♦♥ ♦❢ ❚❡r♠✐♥❛t✐♦♥ ❈❡rt✐✜❝❛t❡s ✾
| Var : variable → term
| Fun : ∀ f : Sig , vector term (arity f ) → term.
◆♦✇ ❛ r❡✇r✐t❡ r✉❧❡ ✐s s✐♠♣❧② ❛ ♣❛✐r ♦❢ t❡r♠s ❛♥❞ ❛ ❚❘❙ ✐s ❛ ❧✐st ♦❢ r✉❧❡s✳ ◆♦t❡
t❤❛t ❢♦r ❛ r❡✇r✐t❡ r✉❧❡ ℓ→ r ✇❡ ❞♦ ♥♦t ❡♥❢♦r❝❡ ❛t t❤✐s ♣♦✐♥t t❤❡ ✉s✉❛❧ ❝♦♥❞✐t✐♦♥
t❤❛t ℓ ✐s ♥♦t ❛ ✈❛r✐❛❜❧❡ ❛♥❞ t❤❡ ✈❛r✐❛❜❧❡s ♦❢ r ❛r❡ ❛ s✉❜s❡t ♦❢ ✈❛r✐❛❜❧❡s ♦❢ ℓ✳
Record rule : Type := mkRule {lhs : term; rhs : term }.
Definition trs := list rule.
❙✐♠♣❧②✲t②♣❡❞ λ✲t❡r♠s ❋✐♥❛❧❧②✱ ❈♦▲♦❘ ❛❧s♦ ♣r♦✈✐❞❡s ❛ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ s✐♠♣❧②✲
t②♣❡❞ λ✲t❡r♠s✱ ✉s✐♥❣ ❞❡ ❇r✉✐❥♥ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❜♦✉♥❞ ✈❛r✐❛❜❧❡s✳ ❚❤✐s ❢♦r♠❛❧✲
✐③❛t✐♦♥ ✇❛s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✇❡❧❧✲❢♦✉♥❞❡❞♥❡ss ♦❢ ❍❖❘P❖ ❬✷✻❪✳ ❚❤❡ ❧✐❜r❛r②
✐s q✉✐t❡ ❡①t❡♥s✐✈❡ ❛♥❞ ❝♦♥t❛✐♥s ♠❛♥② ❞❡✜♥✐t✐♦♥s st❛♥❞❛r❞ ❢♦r t❤❡ s✐♠♣❧②✲t②♣❡❞
λ✲❝❛❧❝✉❧✉s ❛❧♦♥❣ ✇✐t❤ ❢❡✇ ❧❡ss st❛♥❞❛r❞ ♦♥❡s ✭❧✐❦❡ ♠❛♥②✲✈❛r✐❛❜❧❡s✱ t②♣❡❞ s✉❜st✐t✉✲
t✐♦♥ ♦r ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ♦♥ t❡r♠s ❡①t❡♥❞✐♥❣ t❤❡ ❝♦♥❝❡♣t ♦❢ α✲❝♦♥✈❡rt✐❜✐❧✐t②
t♦ ❢r❡❡ ✈❛r✐❛❜❧❡s✮✳ ▼❛♥② r❡s✉❧ts ❛r❡ ♣r♦✈✐❞❡❞ ❛s ✇❡❧❧✱ s✉❝❤ ❛s s✉❜❥❡❝t r❡❞✉❝t✐♦♥
❛♥❞ t❡r♠✐♥❛t✐♦♥ ❢♦r β✲r❡❞✉❝t✐♦♥✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s ✇❡ r❡❢❡r t♦ ❬✷✼❪✳
✹✳✹ ❚❡r♠✐♥❛t✐♦♥ ❘❡s✉❧ts
❚❤❡ ❢♦❝✉s ♦❢ ❈♦▲♦❘ ✐s ♦♥ ♣r♦✈✐❞✐♥❣ ❢♦r♠❛❧✐③❛t✐♦♥s ♦❢ ❛❝t✉❛❧ ♠❡t❤♦❞s ❢♦r ♣r♦✈✐♥❣
t❡r♠✐♥❛t✐♦♥✳ ❆t t❤❡ ♠♦♠❡♥t ✇❡ ❝❛♥ ❤❛♥❞❧❡ t❤r❡❡ t②♣❡s ♦❢ t❡r♠✐♥❛t✐♦♥ ♣r♦❜❧❡♠s✿
✕ ❢✉❧❧ t❡r♠✐♥❛t✐♦♥✱ ✐✳❡✳✱ SN(→R)✱
✕ r❡❧❛t✐✈❡ t❡r♠✐♥❛t✐♦♥✱ ✐✳❡✳✱ SN(→R/→S) ❛♥❞
✕ r❡❧❛t✐✈❡✱ t♦♣ t❡r♠✐♥❛t✐♦♥✱ ✐✳❡✳✱ SN(
ǫ
→R/→S)✱ ✉s❡❞ ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ t❤❡
❞❡♣❡♥❞❡♥❝② ♣❛✐r tr❛♥s❢♦r♠❛t✐♦♥✱ s❡❡ ❚❤❡♦r❡♠ ✶ ❜❡❧♦✇✳
■♥t❡r♣r❡t❛t✐♦♥✲❜❛s❡❞ ♠❡t❤♦❞s ❈✉rr❡♥t❧② ❈♦▲♦❘ ❝♦♥t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r♣r❡t❛t✐♦♥✲
❜❛s❡❞ t❡r♠✐♥❛t✐♦♥ ❝r✐t❡r✐❛✿ ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣r❡t❛t✐♦♥s ❬✸✸✱ ✷✸❪✱ ♠❛tr✐① ✐♥t❡r♣r❡✲
t❛t✐♦♥s ❬✶✺✱ ✷✾❪✱ ❛♥❞ ❛r❝t✐❝ ✐♥t❡r♣r❡t❛t✐♦♥s ❬✸✵❪✳
❆❧❧ t❤♦s❡ ♠❡t❤♦❞s ❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ ♠♦♥♦t♦♥❡ ❛❧❣❡❜r❛s ✖ ❛
❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ✐♥t❡r♣r❡t❛t✐♦♥✲❜❛s❡❞ t❡r♠✐♥❛t✐♦♥ ♠❡t❤♦❞s✳ ■t ✐s ✐♥❝♦r♣♦✲
r❛t❡❞ ✐♥ ❈♦▲♦❘ ✐♥ ✐ts ❢✉❧❧ ❣❡♥❡r❛❧✐t②✱ ♠❛❦✐♥❣ ✐t ❡❛s✐❡r t♦ ❛❞❞ ❢✉rt❤❡r ♠❡t❤♦❞s
t❤❛t ✜t ✐♥t♦ t❤✐s s❡tt✐♥❣✳
❲❡ r❡❢❡r t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣❛♣❡rs ❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤♦s❡
t❡r♠✐♥❛t✐♦♥ t❡❝❤♥✐q✉❡s ❛♥❞ ♦❢ ♠♦♥♦t♦♥❡ ❛❧❣❡❜r❛s✳
❉❡♣❡♥❞❡♥❝② P❛✐r ▼❡t❤♦❞ ❚❤❡ ❞❡♣❡♥❞❡♥❝② ♣❛✐r ♠❡t❤♦❞ ❬✸❪ ✐s ❛ ♣♦✇❡r❢✉❧
tr❛♥s❢♦r♠❛t✐♦♥❛❧ ♠❡t❤♦❞ ❢♦r ♣r♦✈✐♥❣ t❡r♠✐♥❛t✐♦♥ ♦❢ r❡✇r✐t✐♥❣✳ ■t ❡♥❥♦②s ❛ ♥✉♠❜❡r
♦❢ ❡①t❡♥s✐♦♥s t❤❛t ❛❧❧ ✜t ✐♥t♦ t❤❡ ❞❡♣❡♥❞❡♥❝② ♣❛✐r ❢r❛♠❡✇♦r❦ ❬✶✾❪✳
◆♦✇ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❜❛s✐❝ ❞❡♣❡♥❞❡♥❝② ♣❛✐r tr❛♥s❢♦r♠❛t✐♦♥✳ ❋♦r ❡✈❡r② ❞❡✜♥❡❞
s②♠❜♦❧ f ∈ D ✇❡ ❛❞❞ t♦ t❤❡ s✐❣♥❛t✉r❡ ❛ ♥❡✇ ♠❛r❦❡❞ s②♠❜♦❧ f# ✇✐t❤ t❤❡ s❛♠❡
❛r✐t② ❛s f ✳ ■❢ f(s1, . . . , sn) → r ✐s ❛ r✉❧❡ ✐♥ R✱ g(t1, . . . , tm) ✐s ❛ s✉❜t❡r♠ ♦❢
r ❛♥❞ g ∈ D✱ t❤❡♥ t❤❡ r❡✇r✐t❡ r✉❧❡ f#(s1, . . . , sn) → g#(t1, . . . , tm) ✐s ❝❛❧❧❡❞
❛ ❞❡♣❡♥❞❡♥❝② ♣❛✐r ♦❢ R✳ ❚❤❡ ❚❘❙ ❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ ❞❡♣❡♥❞❡♥❝② ♣❛✐rs ♦❢ R ✐s
❞❡♥♦t❡❞ ❜② DP(R)✳
❚❤❡ ✜rst ♠❛✐♥ r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ t❤❡ ❞❡♣❡♥❞❡♥❝② ♣❛✐r tr❛♥s❢♦r♠❛t✐♦♥ t❤❛t
❤❛s ❜❡❡♥ ❢♦r♠❛❧✐③❡❞ ✐♥ ❈♦▲♦❘ ✐s✿
❘❘ ♥➦ ✻✾✹✾
✶✵ ❋ré❞ér✐❝ ❇❧❛♥q✉✐ ✱ ❆❞❛♠ ❑♦♣r♦✇s❦✐
❚❤❡♦r❡♠ ✶ ✭❬✸❪✮✳ ▲❡t R ❜❡ ❛ ❚❘❙✳ ❚❤❡♥ SN(→R) ✐✛ SN(
ǫ
→DP(R)/→R)✳
❋♦r ♣r♦✈✐♥❣ t❤✐s t❤❡♦r❡♠✱ ✇❡ ✉s❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ ✭❝♦♥str✉❝t♦r✮ ❝❛♣ ❛♥❞ ✭❞❡✲
✜♥❡❞✮ ❛❧✐❡♥s ❞❡s❝r✐❜❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳ ■♥❞❡❡❞✱ ❛ t❡r♠ ✐s str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣ ✐❢
❛❧❧ ✐ts ✭❞❡✜♥❡❞✮ ❛❧✐❡♥s ❛r❡ str♦♥❣❧② ♥♦r♠❛❧✐③✐♥❣✳
❚❤❡♥✱ ❛♥ ✐♠♣♦rt❛♥t t❡❝❤♥✐q✉❡ ❛t t❤❡ ❝♦r❡ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝② ♣❛✐r ♠❡t❤♦❞
✐s t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤✱ t❤❛t ✐s✱ t❤❡ ♣♦ss✐❜❧❡ ❞❡♣❡♥❞❡♥❝② ♣❛✐rs
t❤❛t ❝❛♥ ❢♦❧❧♦✇ ❡❛❝❤ ♦t❤❡r ❬✸❪✳
❉❡✜♥✐t✐♦♥ ✷ ✭❉❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❬✸❪✮✳ ❚❤❡ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ♦❢ ❛ ❚❘❙ R




❢♦r s♦♠❡ s✉❜st✐t✉t✐♦♥s σ ❛♥❞ τ ✳
❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❛❧❧♦✇s
t♦ s♣❧✐t ❛ ♣r♦❜❧❡♠ ✐♥t♦ s♠❛❧❧❡r s✉❜✲♣r♦❜❧❡♠s ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ t❡r♠✐♥❛t✐♦♥
♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ t❡r♠✐♥❛t✐♦♥ ♦❢ ❛❧❧ ♦❢ ✐ts s✉❜✲♣r♦❜❧❡♠s✿
❚❤❡♦r❡♠ ✸ ✭❬✶✼❪✮✳ ▲❡t R ❜❡ ❛ ❚❘❙✱ ❛♥❞ SCC1, . . . ,SCCn ❜❡ ❛❧❧ t❤❡ str♦♥❣❧②





❡✈❡r② i ∈ {1, . . . , n}✳
❈❡rt✐❢②✐♥❣ t❤❡ ✉s❡ ♦❢ s✉❝❤ ❛ t❡❝❤♥✐q✉❡ r❛✐s❡s t✇♦ ✐♠♣♦rt❛♥t ❞✐✣❝✉❧t✐❡s✳
❋✐rst✱ s✐♥❝❡ t❤❡ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ✐s ✉♥❞❡❝✐❞❛❜❧❡ ✐♥ ❣❡♥❡r❛❧✱ t❡r♠✐♥❛t✐♦♥
♣r♦✈❡rs ✉s❡ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ✐t✳ ❚❤❡ ♠♦st ✇❡❧❧✲❦♥♦✇♥ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥
♦❢ t❤❡ ❣r❛♣❤ ✐s ❜❛s❡❞ ♦♥ ✉♥✐✜❝❛t✐♦♥✿ (ℓ1 → r1) G (ℓ2 → r2) ✐✛ r′1 ❛♥❞ ℓ2 ❛r❡ ✉♥✐✜✲
❛❜❧❡✱ ✇❤❡r❡ r′1 ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ r1 ❜② ✜rst❧② r❡♣❧❛❝✐♥❣ ❛❧❧ ✐ts s✉❜t❡r♠s ✇✐t❤ ❛
❞❡✜♥❡❞ r♦♦t s②♠❜♦❧ ❜② ❛ ✈❛r✐❛❜❧❡ ✭t❤✐s ✐s t❤❡ ♥♦t✐♦♥ ♦❢ ❝❛♣ ❞❡s❝r✐❜❡❞ ✐♥ ❆♣♣❡♥❞✐①
❆✮ ❛♥❞ t❤❡♥ r❡♣❧❛❝✐♥❣ ❛❧❧ ✈❛r✐❛❜❧❡s ♦❢ s✉❝❤ ❛ t❡r♠ ✇✐t❤ ❢r❡s❤ ♦♥❡s ✭❧✐♥❡❛r✐③❛t✐♦♥✮✳
❚♦ ❛♥s✇❡r t❤✐s ✜rst ♣r♦❜❧❡♠✱ ✇❡ ❢♦r♠❛❧✐③❡❞ ✐♥ ❈♦q s♦♠❡ ✉♥✐✜❝❛t✐♦♥ ❛❧❣♦r✐t❤♠
❛♥❞ ♣r♦✈❡❞ ✐ts ❝♦rr❡❝t♥❡ss✱ t❡r♠✐♥❛t✐♦♥ ❛♥❞ ❝♦♠♣❧❡t❡♥❡ss ✭t❤❡ ❛❧❣♦r✐t❤♠ ❛❧✇❛②s
t❡r♠✐♥❛t❡s ✇✐t❤ ❛ s♦❧✉t✐♦♥ ✇❤❡♥ t✇♦ t❡r♠s ❛r❡ ✉♥✐✜❛❜❧❡✮✳ ❋♦r ♣r♦✈✐♥❣ ✐ts t❡r✲
♠✐♥❛t✐♦♥✱ ✇❡ ✉s❡❞ t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝ ❛♥❞ ♠✉❧t✐s❡t ♦r❞❡r✐♥❣s ❛❧r❡❛❞② ❢♦r♠❛❧✐③❡❞
✐♥ ❈♦▲♦❘✳ ❚❤❡♥✱ ✉s✐♥❣ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤✐s ✉♥✐✜❝❛t✐♦♥ ❛❧❣♦r✐t❤♠✱ ✇❡ ❝♦✉❧❞
♣r♦✈❡ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ❥✉st ❞❡s❝r✐❜❡❞✳
❚❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠ ✐s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳
■♥ ❛ ✜rst ❛tt❡♠♣t✱ ▲é♦ ❉✉❝❛s ❢♦r♠❛❧✐③❡❞ ✐♥ ❈♦▲♦❘ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♠♣✉t✐♥❣
str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❜② ✉s✐♥❣ ❛❞❥❛❝❡♥❝② ♠❛tr✐❝❡s ❬✶✹❪✳ ■t ❛♣♣❡❛r❡❞
t❤❛t t❤✐s ✇❛s ♥♦t ✈❡r② ❡✣❝✐❡♥t ✐♥ ❈♦q✳ ❲❡ t❤❡♥ r❡❛❧✐③❡❞ t❤❛t ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦
❞♦ s✉❝❤ ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ❢♦r♠❛❧✐③❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✐♥ ❈♦▲♦❘✿
❚❤❡♦r❡♠ ✹✳ ▲❡t R ❜❡ ❛ ❚❘❙✱ ❛♥❞ [C1; . . . ;Cn] ❜❡ ❛ ✈❛❧✐❞ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✐✳❡✳✿
✕
⋃n
i=1 Ci = DP(R)✱





→Ci/→R) ❢♦r ❡✈❡r② i ∈ {1, . . . , n}✳
■◆❘■❆
❆✉t♦♠❛t❡❞ ❱❡r✐✜❝❛t✐♦♥ ♦❢ ❚❡r♠✐♥❛t✐♦♥ ❈❡rt✐✜❝❛t❡s ✶✶
❍❡♥❝❡✱ ♥♦✇✱ ❘❛✐♥❜♦✇ ❝❛♥ ❝❡rt✐❢② t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢s ❜❛s❡❞ ♦♥ t❤✐s ♠♦r❡ ❣❡♥✲
❡r❛❧ t❤❡♦r❡♠✳ ❚❤❡ ✜rst ❝♦♥❞✐t✐♦♥ ✐s r❡❞✉❝❡❞ t♦ t❡st✐♥❣ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❡❧❡✲
♠❡♥ts ♦❢ ❛ ❧✐st ✐♥t♦ ❛♥♦t❤❡r ♦♥❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❛rr✐❡❞ ♦✉t ❡✣❝✐❡♥t❧② ✐♥ ❈♦q ❜②
✉s✐♥❣ t❤❡ t❛❝t✐❝ ✏✐♥t✉✐t✐♦♥✑✳ ❚❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ✐s r❡❞✉❝❡❞ t♦ ❜♦♦❧❡❛♥ ❝♦♠✲
♣✉t❛t✐♦♥s ❛♥❞ t❤❡ ✉s❡ ♦❢ t❤❡ ✉♥✐✜❝❛t✐♦♥ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❛rr✐❡❞ ♦✉t
❡✣❝✐❡♥t❧② ✐♥ ❈♦q ❜② ✉s✐♥❣ t❤❡ t❛❝t✐❝ ✏✈♠❴❝♦♠♣✉t❡✑ ❬✷✷❪✳
❆r❣✉♠❡♥t ❋✐❧t❡r✐♥❣ ❚❤❡ ❛r❣✉♠❡♥t ✜❧t❡r✐♥❣ ♠❡t❤♦❞ ❬✸❪ ✐s ❛♥♦t❤❡r tr❛♥s❢♦r♠❛✲
t✐♦♥❛❧ ♠❡t❤♦❞ t❤❛t ❝♦♥s✐sts ✐♥ r❡♠♦✈✐♥❣ s♦♠❡ ❛r❣✉♠❡♥ts ♦❢ ❛ ❢✉♥❝t✐♦♥ s②♠❜♦❧✱
♦r r❡♣❧❛❝✐♥❣ ❛ ❢✉♥❝t✐♦♥ ❝❛❧❧ ❜② ♦♥❡ ♦❢ ✐ts ❛r❣✉♠❡♥ts✳
❉❡✜♥✐t✐♦♥ ✺ ✭❆r❣✉♠❡♥t ✜❧t❡r✐♥❣ ❬✸✷❪✮✳ ❆♥ ❛r❣✉♠❡♥t ✜❧t❡r✐♥❣ ❢✉♥❝t✐♦♥ ✐s ❛
❢✉♥❝t✐♦♥ π s✉❝❤ t❤❛t ❢♦r ❛♥② f ∈ Σ✱ π(f) ✐s ❡✐t❤❡r ❛♥ ✐♥t❡❣❡r i ♦r ❛ ❧✐st ♦❢ ✐♥t❡❣❡rs
[i1, . . . , im] ✭m ≥ 0✮ s✉❝❤ t❤❛t 0 ≤ i, i1, . . . , im ≤ ar(f)✳ ❲❡ ❝❛♥ ♥❛t✉r❛❧❧② ❡①t❡♥❞
π t♦ t❡r♠s ❛s ❢♦❧❧♦✇s✿
π(x) = x
π(f(t1, . . . , tn)) = π(ti) ✐❢ π(f) = i
π(f(t1, . . . , tn)) = f(π(ti1), . . . , π(tim)) ✐❢ π(f) = [i1, . . . , im]
❆♥❞ t♦ ❚❘❙s ❛s✿ π(R) = {π(ℓ) → π(r) | ℓ→ r ∈ R}✳
❚❤❡♦r❡♠ ✻ ✭❬✸❪✮✳ ▲❡t E ❛♥❞ R ❜❡ ❚❘❙s ♦✈❡r ❛ s✐❣♥❛t✉r❡ Σ ❛♥❞ π ❜❡ ❛♥ ❛r❣✉✲





❚❤✐s ♠❡t❤♦❞✱ r❡str✐❝t❡❞ t♦ ♥♦♥✲❝♦❧❧❛♣s✐♥❣ ❛r❣✉♠❡♥t ✜❧t❡r✐♥❣ ❢✉♥❝t✐♦♥s ✭✐✳❡✳✱
❡✈❡r② π(f) ♠❛♣s t♦ ❛ ❧✐st ♦❢ ✐♥t❡❣❡rs ❛♥❞ ♥♦t t♦ ❛ s✐♥❣❧❡ ✐♥t❡❣❡r✮✱ ❤❛s ❜❡❡♥
❢♦r♠❛❧✐③❡❞ ✐♥ ❈♦▲♦❘✳ ■t s❤♦✉❧❞ ♥♦t ❜❡ t♦♦ ❞✐✣❝✉❧t t♦ ❡①t❡♥❞ t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥
✐♥ ♦r❞❡r t♦ ❣❡t r✐❞ ♦❢ t❤❛t r❡str✐❝t✐♦♥✳
❋✐♥❛❧❧②✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❡r♠✐♥❛t✐♦♥ ❝r✐t❡r✐❛
r❡♣r❡s❡♥ts ♦♥❧② ✶✾✪ ♦❢ t❤❡ s✐③❡ ♦❢ ❈♦▲♦❘✿ ✷✻✪ ✐s ❛❜♦✉t ❞❛t❛ str✉❝t✉r❡s✱ ✶✹✪ ✐s
❛❜♦✉t ♠❛t❤❡♠❛t✐❝❛❧ str✉❝t✉r❡s ❛♥❞ ✹✶✪ ✐s ❛❜♦✉t t❡r♠ str✉❝t✉r❡s✳
✺ ❆ ●r❛♠♠❛r ❢♦r ❚❡r♠✐♥❛t✐♦♥ ❈❡rt✐✜❝❛t❡s
■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t✱ ❢♦r ❛ ❣✐✈❡♥ ♣r♦❜❧❡♠✱ ✐t ✐s ❣❡♥❡r❛❧❧② ❡❛s✐❡r t♦ ❝❤❡❝❦ t❤❛t ❛
s♦❧✉t✐♦♥ ✐s ❝♦rr❡❝t t❤❛♥ t♦ tr② t♦ ✜♥❞ s✉❝❤ ❛ s♦❧✉t✐♦♥✳ ❋♦r ♣r♦❜❧❡♠s ♦❢ t❤❡ ❢♦r♠
✏❉♦❡s t❤❡ ♦❜❥❡❝t a ❤❛✈❡ t❤❡ ♣r♦♣❡rt② P❄✑✱ ✇❤❡r❡ t❤❡ ❛♥s✇❡r ✐s ✏❨❡s✑ ♦r ✏◆♦✑✱
❝❤❡❝❦✐♥❣ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ❛♥s✇❡r r❡q✉✐r❡s ❛ ❝❡rt✐✜❝❛t❡ c✱ t❤❛t ✐s s♦♠❡ ♣✐❡❝❡
♦❢ ❞❛t❛✱ s♦♠❡ ❡✈✐❞❡♥❝❡✱ ♦♥ ✇❤✐❝❤ ♦♥❡ ❝❛♥ ❞♦ s♦♠❡ ❝♦♠♣✉t❛t✐♦♥s ✭s✐♠♣❧❡r t❤❛♥
❝❤❡❝❦✐♥❣ ✇❤❡t❤❡r a ❤❛s ♣r♦♣❡rt② P ✮ t♦ ❝❤❡❝❦ ✐❢ t❤❡ ❛♥s✇❡r ✐s ❝♦rr❡❝t✳ ❆♥❞ ❡✈❡♥
✐❢ ✜♥❞✐♥❣ ❛ s♦❧✉t✐♦♥ ❛♥❞ ❝❤❡❝❦✐♥❣ ✇❤❡t❤❡r ❛ s♦❧✉t✐♦♥ ✐s ❝♦rr❡❝t ❧✐❡ ✐♥ t❤❡ s❛♠❡
❝♦♠♣❧❡①✐t② ❝❧❛ss✱ t❤❡ ❞✐✛❡r❡♥❝❡ ♠❛② ❜❡ ✐♠♣♦rt❛♥t ✐♥ ♣r❛❝t✐❝❡✳
❖✉r ❛✐♠ ✐s t♦ ♣r♦✈✐❞❡ ❛ ❤✐❣❤✲❧❡✈❡❧ ❣r❛♠♠❛r ✭❛♥❞ ✐ts s❡♠❛♥t✐❝s✮ ❢♦r t❡r♠✐♥❛✲
t✐♦♥ ❝❡rt✐✜❝❛t❡s ❛❧❧♦✇✐♥❣ ❡❛s② tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ s✉❝❤ ❝❡rt✐✜❝❛t❡s t♦ ❢♦r♠❛❧ ♣r♦♦❢s
❝❤❡❝❦❛❜❧❡ ❜② s♦♠❡ ♣r♦♦❢ ❛ss✐st❛♥t✳ ❙❡✈❡r❛❧ ❝♦♥str❛✐♥ts ❣✉✐❞❡❞ ✉s ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢
t❤✐s ❣r❛♠♠❛r✿
❘❘ ♥➦ ✻✾✹✾
✶✷ ❋ré❞ér✐❝ ❇❧❛♥q✉✐ ✱ ❆❞❛♠ ❑♦♣r♦✇s❦✐
✕ ❚❤❡ ❝❡rt✐✜❝❛t❡s s❤♦✉❧❞ ♣r♦✈✐❞❡ ❡♥♦✉❣❤ ✐♥❢♦r♠❛t✐♦♥ s♦ t❤❛t t❤❡② ❝❛♥ ❜❡
❝❤❡❝❦❡❞ ✇✐t❤ r❡❛s♦♥❛❜❧❡ ❝♦♠♣❧❡①✐t②✳
✕ ❚❤❡ ❝❡rt✐✜❝❛t❡s s❤♦✉❧❞ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ t♦♦❧s ✉s❡❞ t♦ ♣r♦❞✉❝❡ t❤❡♠✱
❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣r♦♦❢ ❛ss✐st❛♥ts ✉s❡❞ ❢♦r ❝❤❡❝❦✐♥❣ t❤❡♠✳
❲❡ ❞❡✈❡❧♦♣❡❞ s✉❝❤ ❛ ❣r❛♠♠❛r✱ ❚❈●✱ ❢♦r ❚❡r♠✐♥❛t✐♦♥ ❈❡rt✐✜❝❛t❡s ●r❛♠♠❛r✱
❛❧♦♥❣ ✇✐t❤ ❘❛✐♥❜♦✇ ✖ ❛ t♦♦❧ t♦ tr❛♥s❢♦r♠ ♣r♦♦❢s ✐♥ t❤❡ ❚❈● ❢♦r♠❛t ✐♥t♦ ❢♦r✲
♠❛❧ ❈♦q ♣r♦♦❢s ✉s✐♥❣ t❤❡ r❡s✉❧ts ❢r♦♠ ❈♦▲♦❘✳ ❉✉❡ t♦ s♣❛❝❡ ❝♦♥s✐❞❡r❛t✐♦♥s ✇❡
❛r❡ ✉♥❛❜❧❡ t♦ ♣r❡s❡♥t t❤❡ ❣r❛♠♠❛r ✐♥ ❢✉❧❧ ❞❡t❛✐❧ ❤❡r❡ ❛♥❞ ✇❡ ♥❡❡❞ t♦ r❡str✐❝t
✐ts ♣r❡s❡♥t❛t✐♦♥ t♦ ❛ ❢❡✇ ❣❡♥❡r❛❧ r❡♠❛r❦s✳ ❍♦✇❡✈❡r✱ t❤❡ ❢✉❧❧ ❚❈● ✭❛s ❛♥ ❳▼▲
s❝❤❡♠❛✱ ❛s t❤❡ ❣r❛♠♠❛r ✐s ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ ❳▼▲✮ ✇✐t❤ ❝♦♠♠❡♥ts ❛♥❞ ❡①❛♠✲
♣❧❡s ✐s ❛✈❛✐❧❛❜❧❡ ✈✐❛ t❤❡ ✇❡❜✲♣❛❣❡ ♦❢ t❤❡ ♣r♦❥❡❝t✱ ❤tt♣✿✴✴❝♦❧♦r✳❧♦r✐❛✳❢r✱ ❛♥❞
t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r ✐s ❡♥❝♦✉r❛❣❡❞ t♦ ❝♦♥s✉❧t ✐t✳
❆ t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢ ❝♦♥s✐sts ♦❢ ❛ ♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ✇❡❧❧✲❦♥♦✇♥ ♠❡t❤✲
♦❞s ❢♦r ♣r♦✈✐♥❣ t❡r♠✐♥❛t✐♦♥✱ s♦♠❡ ♦❢ ✇❤✐❝❤ ✇❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✹✳ ❊❛❝❤
t❤❡♦r❡♠ ❝❛♥ ❜❡ ♣r❡s❡♥t❡❞ ❛s ❛♥ ✐♥❢❡r❡♥❝❡ r✉❧❡ ✇✐t❤ ❛ ♥✉♠❜❡r ♦❢ ♣r❡♠✐s❡s ❛♥❞ ❛
❝♦♥❝❧✉s✐♦♥✳ ❚❤✐s ♥❛t✉r❛❧❧② ❣✐✈❡s ❛ tr❡❡ str✉❝t✉r❡ t♦ ❛♥② t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢ ❛♥❞
t❤✐s tr❡❡ str✉❝t✉r❡ ✐s r❡✢❡❝t❡❞ ✐♥ t❤❡ ❚❈●✳
❊❛❝❤ ♥♦❞❡ ✐♥ t❤❡ tr❡❡ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ✐♥st❛♥❝❡ ♦❢ s♦♠❡ t❤❡♦r❡♠ ❢♦r♠❛❧✐③❡❞
✐♥ ❈♦▲♦❘✳ ❋♦r ✐♥st❛♥❝❡✱ ❛♣❛rt ❢r♦♠ ✐❞❡♥t✐❢②✐♥❣ t❤❡ t❤❡♦r❡♠ t♦ ❜❡ ✉s❡❞ ✐t ❝♦♥t❛✐♥s
❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ r❡q✉✐r❡❞ t♦ ✐♥st❛♥t✐❛t❡ t❤✐s t❤❡♦r❡♠✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♥♦❞❡
❢♦r t❤❡ ♠❛tr✐① ✐♥t❡r♣r❡t❛t✐♦♥ ♠❡t❤♦❞ ✇✐❧❧ ❝♦♥t❛✐♥ t❤❡ ❞✐♠❡♥s✐♦♥ ❢♦r t❤❡ ♠❛tr✐❝❡s
❛♥❞ ❛ ♠❛tr✐① ✐♥t❡r♣r❡t❛t✐♦♥ ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ s②♠❜♦❧ ✐♥ t❤❡ s✐❣♥❛t✉r❡ ♦❢ t❤❡
♣r♦❜❧❡♠ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳
❚❤❡ ❣r❛♠♠❛r ✐s ❞❡s✐❣♥❡❞ s✉❝❤ t❤❛t ✐t ✐s ❡❛s② t♦ ❡①t❡♥❞ ✐t ✇✐t❤ ♥❡✇ ♠❡t❤♦❞s ❛s
t❤❡✐r ❢♦r♠❛❧✐③❛t✐♦♥s ❛r❡ ❛❞❞❡❞ t♦ t❤❡ ❈♦▲♦❘ ❧✐❜r❛r②✳ ■t ✐s ❛❧s♦ ❡❛s② ❢♦r t❤❡ ❛✉t❤♦rs
♦❢ t❤❡ t❡r♠✐♥❛t✐♦♥ ♣r♦✈✐♥❣ t♦♦❧s t♦ ✉s❡ ♦✉r ❛♣♣r♦❛❝❤ t♦ ❝❡rt✐❢② t❤❡ r❡s✉❧ts ♦❢ t❤❡✐r
t♦♦❧s ♠❡r❡❧② ❜② ❛❞❞✐♥❣ s✉♣♣♦rt ❢♦r ❚❈● ❛s ❛♥♦t❤❡r ♦✉t♣✉t ❢♦r♠❛t ♦❢ t❤❡✐r t♦♦❧s
❛♥❞ ♠❛❦✐♥❣ s✉r❡ t❤❛t t❤❡ t❤❡♦r❡♠s t❤❡② ✉s❡ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♦♥❡s ❛✈❛✐❧❛❜❧❡ ✐♥
❈♦▲♦❘✳ ❋♦r ♠❛♥② t❡r♠✐♥❛t✐♦♥ t❡❝❤♥✐q✉❡s t❤✐s ✐s ♥♦t ♣r♦❜❧❡♠❛t✐❝ ❛s t❤❡✐r t❤❡♦r②
✐s ✇❡❧❧✲❡st❛❜❧✐s❤❡❞ ❛♥❞ ✉♥✐❢♦r♠ ❛❝r♦ss ❛❧❧ t❡r♠✐♥❛t✐♦♥ ♣r♦✈❡rs✳
❇❡❧♦✇ ✇❡ ♣r❡s❡♥t ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❚❘❙✱ ✐ts t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢ ❡①♣r❡ss❡❞ ✐♥ t❤❡
❚❈● ❢♦r♠❛t ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❈♦q t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢✱ ❛s ❣❡♥❡r❛t❡❞ ❜② ❘❛✐♥❜♦✇✳
❊①❛♠♣❧❡ ✼✳ ❈♦♥s✐❞❡r t❤❡ r❡✇r✐t❡ s②st❡♠ ❆●✵✶✴★✸✳✶✳trs ❢r♦♠ ❚P❉❇ ❬✶❪✿
minus(x, 0) → x minus(s(x), s(y)) → minus(x, y)
quot(0, s(y)) → 0 quot(s(x), s(y)) → s(quot(minus(x, y), s(y)))
❯s✐♥❣ t❤❡ ❉P ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✹ ✇❡ ♦❜t❛✐♥ ✸ ❞❡♣❡♥❞❡♥❝② ♣❛✐rs✿
(1) minus#(s(x), s(y)) → minus#(x, y) (2) quot#(s(x), s(y)) → minus#(x, y)
(3) quot#(s(x), s(y)) → quot#(minus(x, y), s(y))
■◆❘■❆
❆✉t♦♠❛t❡❞ ❱❡r✐✜❝❛t✐♦♥ ♦❢ ❚❡r♠✐♥❛t✐♦♥ ❈❡rt✐✜❝❛t❡s ✶✸
❛♥❞ ✷ ❙❈❈s ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤✿ ④✭✶✮⑥ ❛♥❞ ④✭✷✮✱✭✸✮⑥✳ ❇♦t❤
❙❈❈ ❝❛♥ ❜❡ ♣r♦✈❡♥ t❡r♠✐♥❛t✐♥❣ ✉s✐♥❣ ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣r❡t❛t✐♦♥s ❬✸✸❪❀ t❤❡ ❧❛tt❡r
♦♥❡ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r♣r❡t❛t✐♦♥✿
s(x) = x+ 2 minus(x, y) = x+ 1
quot#(x, y) = xy + x+ y minus#(x, y) = x+ 1
❚♦ ❞❡❛❧ ✇✐t❤ t❤✐s ♣r♦♦❢ ❢♦r♠❛❧❧② ❘❛✐♥❜♦✇ ✜rst tr❛♥s❢♦r♠s t❤❡ ❚P❉❇ s♣❡❝✐✜✲
❝❛t✐♦♥ ♦❢ t❤❡ ❚❘❙ ✐♥ t❤❡ ❚❈● ♣r♦❜❧❡♠ ❢♦r♠❛t ✭s❡❡ ❋✐❣✉r❡ ✸ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✮✳
❚❤❡♥ t❤❡ ♣r♦♦❢ s❦❡t❝❤❡❞ ❛❜♦✈❡ ♥❡❡❞s t♦ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❚❈● ♣r♦♦❢ ❢♦r♠❛t
✭s❡❡ ❋✐❣✉r❡ ✹ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ❢♦r t❤❡ s♥✐♣♣❡t ♦❢ t❤✐s ♣r♦♦❢❀ ♥♦t❡ t❤❛t t❤❡ ❢♦r♠❛t
✐s q✉✐t❡ ✈❡r❜♦s❡ ❜✉t ✐t ✐s ♥♦t ✐♥t❡♥❞❡❞ t♦ ❜❡ ❞✐r❡❝t❧② r❡❛❞✴✇r✐tt❡♥ ❜② ❤✉♠❛♥s✮✳
❚❛❦✐♥❣ t❤♦s❡ t✇♦ ✜❧❡s ❛s ❛♥ ✐♥♣✉t ❘❛✐♥❜♦✇ ❛✉t♦♠❛t✐❝❛❧❧② ♣r♦❞✉❝❡s ❛ ❈♦q
s❝r✐♣t ❝♦♥t❛✐♥✐♥❣ ❢♦r♠❛❧ t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢✳ ❙✉❝❤ s❝r✐♣t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
♣r♦♦❢ s❦❡t❝❤❡❞ ❛❜♦✈❡ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳
✻ ❘❡❧❛t❡❞ ❲♦r❦
■♥ ❬✼✱ ✶✵❪✱ ✐t ✐s ❞❡s❝r✐❜❡❞ ❛♥♦t❤❡r t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢ ❝❡rt✐✜❝❛t✐♦♥ ❜❛❝❦✲❡♥❞ ❜❛s❡❞
♦♥ ❛ ❈♦q ❧✐❜r❛r② ❝❛❧❧❡❞ ❈♦❝❝✐♥❡❧❧❡ ❞❡✈❡❧♦♣❡❞ ❢♦r ❝❡rt✐❢②✐♥❣ t❤❡ r❡s✉❧ts ♦❢ t❤❡
❛✉t♦♠❛t❡❞ t❡r♠✐♥❛t✐♦♥ ♣r♦✈❡r ❈✐▼❊ ❬✽❪✳ ❚❤❡ ❛♣♣r♦❛❝❤ ❢♦❧❧♦✇❡❞ ✐♥ t❤✐s ✇♦r❦
✐s ❞✐✛❡r❡♥t ❢r♦♠ ♦✉rs✳ ❈✐▼❊ ✉s❡s s❤❛❧❧♦✇ ❡♠❜❡❞❞✐♥❣s ❢♦r r❡♣r❡s❡♥t✐♥❣ r✉❧❡s✱ ❞❡✲
♣❡♥❞❡♥❝② ♣❛✐rs ♦r ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣r❡t❛t✐♦♥s✱ ✇❤❡r❡ ❛s ✇❡ ✉s❡ ❞❡❡♣ ❡♠❜❡❞❞✐♥❣s✳
❚❤❡② ✉s❡ ♥♦ ❣❡♥❡r❛❧ t❤❡♦r❡♠ ❧✐❦❡ t❤❡ ♦♥❡s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ t❤❡
❝♦♥❞✐t✐♦♥s ♦❢ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ❜② ❞♦✐♥❣ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ❛♣♣❧②✐♥❣
s✐♠♣❧❡ t❛❝t✐❝s✳ ■♥st❡❛❞✱ s♦♠❡ ❛❞❤♦❝ ♣r♦♦❢s ❛r❡ ❣❡♥❡r❛t❡❞ ❡❛❝❤ t✐♠❡✳ ❍❡♥❝❡✱ t❤❡
s✐③❡ ♦❢ ❈♦❝❝✐♥❡❧❧❡ ✐s ❛❜♦✉t ❤❛❧❢ ♦❢ t❤❡ s✐③❡ ♦❢ ❈♦▲♦❘✱ ❛♥❞ t❤❡ ❈♦q s❝r✐♣ts ❣❡♥❡r✲
❛t❡❞ ❜② ❈✐▼❊ ❛r❡ ♠✉❝❤ ❧♦♥❣❡r t❤❛♥ t❤❡ ♦♥❡s ❣❡♥❡r❛t❡❞ ❜② ❈♦▲♦❘✳✶ ❉❡❜✉❣❣✐♥❣ ❛
t♦♦❧ ❣❡♥❡r❛t✐♥❣ s✉❝❤ ❧♦♥❣ ❛♥❞ ❝♦♠♣❧❡① ❈♦q s❝r✐♣ts ♠✉st ❜❡ ❞✐✣❝✉❧t✳ ■♥ ❝♦♥tr❛st✱
t❤❡ s❝r✐♣ts ❣❡♥❡r❛t❡❞ ❜② ❘❛✐♥❜♦✇ ❛r❡ s❤♦rt ❛♥❞ ❝❧❡❛r✿ ✜rst✱ ❛❧❧ ♣r♦♦❢ ✐♥❣r❡❞✐❡♥ts
✭r✉❧❡s✱ ✐♥t❡r♣r❡t❛t✐♦♥s✱ ❡t❝✳✮ ❛r❡ ❞❡✜♥❡❞❀ s❡❝♦♥❞✱ ✐♥ t❤❡ t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢ ✐ts❡❧❢✱
❡❛❝❤ ❚❈● ♣r♦♦❢ ♥♦❞❡ ✐s tr❛♥s❧❛t❡❞ ❜② ❛ t❛❝t✐❝ ❞❡✜♥❡❞ ✐♥ ❈♦▲♦❘✳ ❍❡♥❝❡✱ ❡✈❡♥
♥♦♥ ❈♦q✲❡①♣❡rts ❝❛♥ ✉♥❞❡rst❛♥❞ t❤❡ ❣❡♥❡r❛t❡❞ ✜❧❡s ❛♥❞✱ ✐♥ ❝❛s❡ ♦❢ ❢❛✐❧✉r❡✱ ❡❛s✐❧②
❛♥❞ ♣r❡❝✐s❡❧② ❧♦❝❛❧✐③❡ ✇❤✐❝❤ t❤❡♦r❡♠ ❛♣♣❧✐❝❛t✐♦♥ ❞✐❞ ♥♦t s✉❝❝❡❡❞ ❛♥❞ ✇❤②✳ ❙❡❡
❆♣♣❡♥❞✐① ✼ ❢♦r ❛♥ ❡①❛♠♣❧❡ ♦❢ ❣❡♥❡r❛t❡❞ ♣r♦♦❢✳
❲❡ ♠✉st ❛❧s♦ ♠❡♥t✐♦♥ t❤❡ ✇♦r❦ ♦❢ ❑r❛✉ss ❡t ❛❧ ♦♥ t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ✐♥ t❤❡
♣r♦♦❢ ❛ss✐st❛♥t ■s❛❜❡❧❧❡✴❍❖▲ ❬✸✻❪ ♦❢ ❛ t❡r♠✐♥❛t✐♦♥ ❝r✐t❡r✐♦♥ ✉s✐♥❣ ❧❡①✐❝♦❣r❛♣❤✐❝
❝♦♠♣❛r✐s♦♥s ❬✻❪ ❛♥❞ ♦❢ ▲❡❡✱ ❏♦♥❡s ❛♥❞ ❇❡♥✲❆♠r❛♠✬s s✐③❡✲❝❤❛♥❣❡ ♣r✐♥❝✐♣❧❡ ❬✸✶❪✳
❚❤❡ ♠♦t✐✈❛t✐♦♥ ♦❢ ❑r❛✉ss ❡t ❛❧ ✐s ❞✐✛❡r❡♥t t❤❛♥ ♦✉rs✳ ❚❤❡② ❞❡✈❡❧♦♣❡❞ ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥s ♦❢ t❤❡s❡ t❡r♠✐♥❛t✐♦♥ ❝r✐t❡r✐❛ t❤❛t ❞✐r❡❝t❧② ♣r♦❞✉❝❡ ■s❛❜❡❧❧❡✴❍❖▲ ♣r♦♦❢s✱
✐♥ ♦r❞❡r t♦ ❛✉t♦♠❛t✐❝❛❧❧② ❝❤❡❝❦ t❤❡ t❡r♠✐♥❛t✐♦♥ ♦❢ ■s❛❜❡❧❧❡✴❍❖▲ ❢✉♥❝t✐♦♥s✳ ❇✉t
✐t s❤♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡ ❢♦r ❛♥② t❡r♠✐♥❛t✐♦♥ ♣r♦✈❡r ✉s✐♥❣ t❤❡s❡ ❝r✐t❡r✐❛ t♦ ♣r♦❞✉❝❡
s♦♠❡ ❝❡rt✐✜❝❛t❡ ❢r♦♠ ✇❤✐❝❤ ❛ ♣r♦♦❢ ✐♥ ■s❛❜❡❧❧❡✴❍❖▲ ❝♦✉❧❞ ❜❡ ❜✉✐❧t✳
✶ ●❡♥❡r❛t❡❞ ✜❧❡s ❛♥❞ t✐♠❡s t❛❦❡♥ ❜② ❈♦q ❢♦r ❝❤❡❝❦✐♥❣ t❤❡♠ ❝❛♥ ❜❡ ❝♦♥s✉❧t❡❞ ✐♥ ❬✷❪✳
❘❘ ♥➦ ✻✾✹✾
✶✹ ❋ré❞ér✐❝ ❇❧❛♥q✉✐ ✱ ❆❞❛♠ ❑♦♣r♦✇s❦✐
Module M .✭✯ t❤❡ s❡t ♦❢ s②♠❜♦❧s ✐♥ t❤❡ s✐❣♥❛t✉r❡ ✯✮
Inductive symb : Type :=
| minus : symb
✭✯ ✳✳✳ r❡♠❛✐♥✐♥❣ s②♠❜♦❧s ✳✳✳ ✯✮.
End M .
Definition ar (s :M .symb) : N := ✭✯ t❤❡✐r ❛r✐t② ✯✮
match s with
| M .minus ⇒ 2
✭✯ ✳✳✳ r❡♠❛✐♥✐♥❣ s②♠❜♦❧s ✳✳✳ ✯✮
end.
Definition S := nil .✭✯ S ✐s ❡♠♣t② ✯✮
Definition R := ✭✯ R ❝♦♥t❛✐♥s t❤❡ s❡t r❡✇r✐t❡ r✉❧❡s ✯✮
R0 (S0 .minus (S0 .succ (V0 0)) (S0 .succ (V0 1)))
(S0 .minus (V0 0) (V0 1))
:: ✭✯ ✳✳✳ r❡♠❛✐♥✐♥❣ r✉❧❡s ✳✳✳ ✯✮
✭✯ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ r❡✇r✐t❡ r❡❧❛t✐♦♥ →R/→S ✯✮
Definition rel := ATrs.red❴mod S R.
✭✯ ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ✉s❡❞ t♦ s♦❧✈❡ ❙❈❈ {(2), (3)} ✯✮
Module PIS2 <: TPolyInt .
Definition trsInt f :=
match f as f return poly (@ASignature.arity s1 f ) with
| (hd❴symb M .minus) ⇒ ✭✯ minus# ♠❛♣♣❡❞ t♦ ①✰✶ ✯✮
((1) % Z , (Vcons 1 Vnil))
:: ((1) % Z , (Vcons 0 Vnil))
:: nil
✭✯ ✳✳✳ r❡♠❛✐♥✐♥❣ s②♠❜♦❧s ✳✳✳ ✯✮
end.
✭✯ ■♥t❡r♣r❡t❛t✐♦♥ ✐s ✇❡❛❦❧② ♠♦♥♦t♦♥❡ ✯✮
Lemma trsInt❴wm : ∀ f , pweak❴monotone (trsInt f ).
Proof .pmonotone.Qed.
End PIS2 .
Module PI2 := PolyInt PIS2 .
✭✯ t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢ ♦❢ t❤❡ s②st❡♠ ✯✮
Lemma termination :WF rel .
Proof .
dp❴trans. ✭✯ ❛♣♣❧② ❉P tr❛♥s❢♦r♠❛t✐♦♥ ✯✮
mark . ✭✯ ♠❛r❦ ❉P s②♠❜♦❧s ✯✮
graph❴decomp✭✯ ✳✳✳ ✯✮. ✭✯ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ✯✮
dpg❴unif❴N❴correct . ✭✯ ♣r♦♦❢ t❤❛t ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❝♦rr❡❝t ✯✮
✭✯ ✳✳✳ ✯✮ ✭✯ ♣r♦♦❢ ❢♦r t❤❡ ❢✐rst ❙❈❈ ✯✮
PI2 .prove❴termination.✭✯ ♣r♦♦❢ ❢♦r t❤❡ s❡❝♦♥❞ ❙❈❈ ✇✐t❤ P■✷ ✯✮
termination❴trivial . ✭✯ t❤❡♥ t❡r♠✐♥❛t✐♦♥ tr✐✈✐❛❧ ✯✮
Qed.
❋✐❣✳ ✷✳ ❋♦r♠❛❧ ❈♦q s❝r✐♣t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢ ♦❢ ❊①❛♠♣❧❡ ✼
■◆❘■❆
❆✉t♦♠❛t❡❞ ❱❡r✐✜❝❛t✐♦♥ ♦❢ ❚❡r♠✐♥❛t✐♦♥ ❈❡rt✐✜❝❛t❡s ✶✺
✼ ❊✈❛❧✉❛t✐♦♥
❚❤❡ t❡r♠✐♥❛t✐♦♥ ❝♦♠♣❡t✐t✐♦♥ ❬✷❪ ✐s ❛ ❢♦r✉♠ ❢♦r t❡r♠✐♥❛t✐♦♥ ♣r♦✈❡rs t♦ ❝♦♠♣❡t❡
♦♥ ❛ s❡t ♦❢ ♣r♦❜❧❡♠s✱ t❤❡ s♦ ❝❛❧❧❡❞ t❡r♠✐♥❛t✐♦♥ ♣r♦❜❧❡♠s ❞❛t❛❜❛s❡ ✭❚P❉❇✮ ❬✶❪✳ ■t
❛❧❧♦✇s t♦ ❝♦♠♣❛r❡ ❞✐✛❡r❡♥t t♦♦❧s ❛♥❞ t❡❝❤♥✐q✉❡s ❛♥❞ st✐♠✉❧❛t❡s t❤❡ r❡s❡❛r❝❤ ✐♥
t❤❡ ❛r❡❛ ♦❢ ❛✉t♦♠❛t❡❞ t❡r♠✐♥❛t✐♦♥✳ ■♥ t❤✐s ❝♦♠♣❡t✐t✐♦♥ ❡✈❡r② t♦♦❧ ✐s r✉♥ ♦♥ ❡✈❡r②
♣r♦❜❧❡♠ ❢r♦♠ t❤❡ ❞❛t❛❜❛s❡ ❛♥❞ ❢♦r ❡✈❡r② ♣r♦❜❧❡♠✱ ✉♥❧❡ss ✐t ❣✐✈❡s ✉♣✱ ✐t ♠✉st
❞❡❝✐❞❡ ✇❤❡t❤❡r ✐t ✐s t❡r♠✐♥❛t✐♥❣ ♦r ♥♦t ❛♥❞ s✉♣♣♦rt t❤✐s ❝❧❛✐♠ ✇✐t❤ ❛♥ ✐♥❢♦r♠❛❧
t❡①t✉❛❧ ❞❡s❝r✐♣t✐♦♥✱ ✇❤✐❝❤✱ ✐♥ ♣r✐♥❝✐♣❧❡✱ s❤♦✉❧❞ ♣r♦✈✐❞❡ ❡♥♦✉❣❤ ✐♥❢♦r♠❛t✐♦♥ ❢♦r
❛ ❤✉♠❛♥ t♦ r❡❝♦♥str✉❝t t❤❡ ❝♦♠♣❧❡t❡ t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢✳ ❚❤❡ ❞❛t❛❜❛s❡ ❝♦♥t❛✐♥
str✐♥❣ r❡✇r✐t❡ s②st❡♠s ✭❙❘❙✮✱ t❡r♠ r❡✇r✐t❡ s②st❡♠s ✭❚❘❙✮✱ ❧♦❣✐❝ ♣r♦❣r❛♠s ❛♥❞
❍❛s❦❡❧❧ ♣r♦❣r❛♠s✱ ❛♥❞ s♦♠❡ ♦❢ t❤❡ t❡r♠✐♥❛t✐♦♥ ♣r♦❜❧❡♠s ❛r❡ ♦♣❡♥✳
❚❤❡ ❝♦♠♣❡t✐t✐♦♥ st❛rt❡❞ ❜❛❝❦ ✐♥ ✷✵✵✸ ❛♥❞✱ ✐♥ ✷✵✵✼✱ ❢♦r t❤❡ ✜rst t✐♠❡ t❤❡
❝❡rt✐✜❡❞ ❚❘❙ ❝❛t❡❣♦r② ✇❛s ✐♥tr♦❞✉❝❡❞✱ s❤♦✇✐♥❣ r❡❝♦❣♥✐t✐♦♥ ❢♦r t❤❡ ✐♠♣♦rt❛♥❝❡
♦❢ t❤❡ ✇♦r❦ ✐♥ t❤✐s ❛r❡❛✳ ■♥❞❡❡❞✱ ❡✈❡r② ②❡❛r✱ s❡✈❡r❛❧ t♦♦❧s ❛r❡ ❞✐sq✉❛❧✐✜❡❞ ❜❡❝❛✉s❡
s♦♠❡ ❡rr♦r ✐s ❢♦✉♥❞ ✐♥ t❤❡✐r ❛♥s✇❡rs✳ ■♥ t❤❡ ❝❡rt✐✜❡❞ ❝❛t❡❣♦r②✱ ❡✈❡r② t♦♦❧ ♠✉st
s✉♣♣♦rt ✐ts ❝❧❛✐♠ ✇✐t❤ ❛ ❢✉❧❧ ♣r♦♦❢ ❝❤❡❝❦❛❜❧❡ ✐♥ s♦♠❡ ✇❡❧❧ ❡st❛❜❧✐s❤❡❞ ♣r♦♦❢
❛ss✐st❛♥t✴❝❤❡❝❦❡r✳ ❚❤✐s ❡♥s✉r❡s t❤❡ ❤✐❣❤❡st r❡❧✐❛❜✐❧✐t② ♦❢ t❤❡ r❡s✉❧ts ♦♥❡ ❝❛♥ ❣❡t✳
■t ✐s ❞✐✣❝✉❧t t♦ ♠❛❦❡ ❛ ♣r❡❝✐s❡✱ ❢❛✐r ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❈♦▲♦❘ ❛♥❞ ❆✸P❆❚
✭✐✳❡✳✱ t❤❡ ❈✐▼❊ ❝❡rt✐✜❝❛t✐♦♥ t♦♦❧ ❜❛s❡❞ ♦♥ ❈♦❝❝✐♥❡❧❧❡✮✱ ❛❧❧ t❤❡ ♠♦r❡ s♦ s✐♥❝❡ t❤❡②
❞♦ ♥♦t s✉♣♣♦rt t❤❡ s❛♠❡ t❡r♠✐♥❛t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❈♦❝❝✐♥❡❧❧❡ s✉♣✲
♣♦rts ❧❡①✐❝♦❣r❛♣❤✐❝ ♣❛t❤ ♦r❞❡r✐♥❣ ❛♥❞ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ❜❛s❡❞ ♦♥ ✉♥✐✜❝❛t✐♦♥
✭❈♦▲♦❘ s✉♣♣♦rts t❤✐s ♥♦✇ t♦♦✮✱ ✇❤✐❧❡ ❈♦▲♦❘ s✉♣♣♦rts ♠❛tr✐① ✐♥t❡r♣r❡t❛t✐♦♥✳ ❲❡
❤♦✇❡✈❡r s✉♠♠❛r✐③❡❞ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❧❛st t✇♦ ❝♦♠♣❡t✐t✐♦♥s ❤❡r❡❛❢t❡r✳ ◆♦t❡ t❤❛t
❆Pr♦❱❊✲❝❡rt r✉♥s ❆Pr♦❱❊✲❈♦▲♦❘ ❛♥❞ ❆Pr♦❱❊✲❆✸P❆❚ ✐♥ ♣❛r❛❧❧❡❧✳
✷✵✵✽ ❚❘❙ ❝♦♠♣❡t✐t✐♦♥
❚♦♦❧ ❙❝♦r❡✴✶✸✾✶ ✪
❆Pr♦❱❊ ❬✷✵❪✲❝❡rt ✺✾✹ ✹✷✳✼
❆Pr♦❱❊✲❈♦▲♦❘ ✺✽✵ ✹✶✳✼
❆Pr♦❱❊✲❆✸P❆❚ ✺✸✷ ✸✽✳✷
❈✐▼❊ ❬✽❪✲❆✸P❆❚ ✺✸✶ ✸✽✳✷
▼❛t❝❤❜♦① ❬✸✾❪✲❈♦▲♦❘ ✹✺✽ ✸✷✳✾
✷✵✵✽ ❙❘❙ ❝♦♠♣❡t✐t✐♦♥
❚♦♦❧ ❙❝♦r❡✴✼✸✷ ✪
▼❛t❝❤❜♦① ❬✸✾❪✲❈♦▲♦❘ ✹✻✻ ✻✸✳✼





❚P❆ ❬✷✽❪✲❈♦▲♦❘ ✸✺✹ ✸✻✳✸
❈✐▼❊ ❬✽❪✲❆✸P❆❚ ✸✶✼ ✸✷✳✺
T❚T2 ❬✷✹❪✲❈♦▲♦❘ ✷✽✾ ✷✾✳✻
✽ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❋✉t✉r❡ ❲♦r❦
■♥ t❤❡ ❛r❡❛ ♦❢ t❡r♠ r❡✇r✐t✐♥❣✱ t❡r♠✐♥❛t✐♦♥ ♦❢ ✜rst✲♦r❞❡r ❚❘❙s ✐s ❛♥ ✐♠♣♦rt❛♥t
t♦♣✐❝✱ ❛ttr❛❝t✐♥❣ ❛ ❧♦t ♦❢ r❡s❡❛r❝❤ ✐♥t❡r❡st✳ ❚❤❡r❡ ✐s ❛ ♥✉♠❜❡r ♦❢ t♦♦❧s ❛✉t♦✲
♠❛t✐❝❛❧❧② ♣r♦❞✉❝✐♥❣ ♣r♦♦❢s ♦❢ t❡r♠✐♥❛t✐♦♥✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤♦s❡ ♣r♦♦❢s ✐s
❘❘ ♥➦ ✻✾✹✾
✶✻ ❋ré❞ér✐❝ ❇❧❛♥q✉✐ ✱ ❆❞❛♠ ❑♦♣r♦✇s❦✐
❝♦♥t✐♥✉♦✉s❧② ✐♥❝r❡❛s✐♥❣✱ ✇❤✐❝❤ ♥❛t✉r❛❧❧② ❝❛❧❧s ❢♦r s♦♠❡ ✇❛② ♦❢ ✈❡r✐✜❝❛t✐♦♥✳ ❚❤✐s
❤❛s ❜❡❡♥ r❡❝♦❣♥✐③❡❞ ✐♥ t❤❡ ❝♦♠♠✉♥✐t② ❛♥❞ ✐♥ ✷✵✵✼ ✐♥ t❤❡ ❛♥♥✉❛❧ t❡r♠✐♥❛t✐♦♥
❝♦♠♣❡t✐t✐♦♥ ❛ ♥❡✇ ❝❡rt✐✜❡❞ ❝❛t❡❣♦r② ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞✳
■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r❡s❡♥t❡❞ ❛♥ ❛♣♣r♦❛❝❤ t♦ ❝❡rt✐✜❝❛t✐♦♥ ♦❢ t❡r♠✐♥❛t✐♦♥ ♣r♦♦❢s✳
■t ❝♦♥s✐sts ♦❢ ❛ ❈♦q ❧✐❜r❛r② ♦❢ ❢♦r♠❛❧✐③❡❞ t❡r♠✐♥❛t✐♦♥ r❡❧❛t❡❞ r❡s✉❧ts ❛♥❞ t❡❝❤✲
♥✐q✉❡s ✭❈♦▲♦❘✮✱ ❛ ❢♦r♠❛❧ ❣r❛♠♠❛r ❢♦r t❡r♠✐♥❛t✐♦♥ ❝❡rt✐✜❝❛t❡s ✭❚❈●✮ ❛♥❞ ❛ ♣r♦✲
❣r❛♠ tr❛♥s❢♦r♠✐♥❣ ♣r♦♦❢s ✐♥ t❤❡ ❚❈● ❢♦r♠❛t t♦ ❢♦r♠❛❧ ❈♦q ♣r♦♦❢s ✭❘❛✐♥❜♦✇✮✳
❘❛✐♥❜♦✇ ✐s ❦❡♣t ❛s s✐♠♣❧❡ ❛s ♣♦ss✐❜❧❡ ✐♥ ♦r❞❡r ♥♦t t♦ ✐♥tr♦❞✉❝❡ ❡rr♦rs✳
❚❤✐s ❛♣♣r♦❛❝❤ t✉r♥❡❞ ♦✉t t♦ ❜❡ s✉❝❝❡ss❢✉❧ s✐♥❝❡ ❈♦▲♦❘✲❘❛✐♥❜♦✇ ✭♥♦✇ ✉s❡❞
❜② ❢♦✉r ❞✐✛❡r❡♥t ♣r♦✈❡rs✿ ❆Pr♦❱❊✱ ▼❛t❝❤❜♦①✱ ❚P❆ ❛♥❞ T❚T2✮ ✇❛s t❤❡ ❜❡st ❝❡r✲
t✐✜❝❛t✐♦♥ ❜❛❝❦✲❡♥❞ ✐♥ t❤❡ ❧❛st t✇♦ t❡r♠✐♥❛t✐♦♥ ❝♦♠♣❡t✐t✐♦♥s ❬✷❪✳
❙♦ ❢❛r t✇♦ ✇♦r❦s❤♦♣s ♦♥ ❝❡rt✐✜❡❞ t❡r♠✐♥❛t✐♦♥ ❤❛✈❡ ❜❡❡♥ ♦r❣❛♥✐③❡❞ ✭◆❛♥❝②
✐♥ ✷✵✵✼ ❛♥❞ ▲❡✐♣③✐❣ ✐♥ ✷✵✵✽✱ s❡❡ ❤tt♣✿✴✴t❡r♠✐♥❛t✐♦♥✲♣♦rt❛❧✳♦r❣✮ ❜r✐♥❣✐♥❣
t♦❣❡t❤❡r ❞❡✈❡❧♦♣❡rs ♦❢ ❛✉t♦♠❛t❡❞ t❡r♠✐♥❛t✐♦♥ ♣r♦✈❡rs ❛♥❞ ❞❡✈❡❧♦♣❡rs ♦❢ ❝❡rt✐✜❡❞
❧✐❜r❛r✐❡s ♦♥ t❡r♠✐♥❛t✐♦♥✳ ❇❛s❡❞ ♦♥ t❤❡ r❡s✉❧t✐♥❣ ❞✐s❝✉ss✐♦♥s✱ ✇❡ ❡①♣❡❝t t♦ ❝❛rr②
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❆ ❊①❛♠♣❧❡ ♦❢ ❤✐❣❤❡r✲♦r❞❡r ❞❡♣❡♥❞❡♥t ♣r♦❣r❛♠
❲❡ ✐❧❧✉str❛t❡ t❤❡ ✉s❡ ♦❢ ❤✐❣❤❡r✲♦r❞❡r ❞❡♣❡♥❞❡♥t t②♣❡s ❜② ♣r❡s❡♥t✐♥❣ t❤❡ ❢♦r♠❛❧✲
✐③❛t✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥s ♦❢ ❝❛♣ ❛♥❞ ❛❧✐❡♥s ♦❢ ❛ t❡r♠ ✉s❡❞ ✐♥ ❈♦▲♦❘✳
❆ss✉♠❡ t❤❛t Sig ✐s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ t✇♦ s❡ts C ❛♥❞ D ✭❡✳❣✳ ❝♦♥str✉❝t♦rs
❛♥❞ ❞❡✜♥❡❞ s②♠❜♦❧s✮✳ ❚❤❡♥✱ t❤❡ cap ♦❢ t ✐s t❤❡ ❜✐❣❣❡st t❡r♠ ✭✉♣ t♦ ✈❛r✐❛❜❧❡
r❡♥❛♠✐♥❣✮ ♠❛t❝❤❡❞ ❜② t ❛♥❞ ✇❤♦s❡ s②♠❜♦❧s ❛r❡ ❛❧❧ ✐♥ C✳ ❚❤❡ ❜✐❣❣❡st s✉❜t❡r♠s
♦❢ t t❤❛t ❛r❡ ❤❡❛❞❡❞ ❜② ❛ s②♠❜♦❧ ♦❢ D ❛r❡ t❤❡ ❛❧✐❡♥ s✉❜t❡r♠s ♦❢ t ✳
❚❤❡s❡ ♥♦t✐♦♥s ❛r❡ ♦❢t❡♥ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ♠♦❞✉❧❛r✐t② r❡s✉❧ts✱ ✐✳❡✳✱ ✇❤❡♥
❝♦♠❜✐♥✐♥❣ t❡r♠s ♦❢ ❞✐✛❡r❡♥t s✐❣♥❛t✉r❡s✱ ❛♥❞ ❛r❡ ✐♥❞❡❡❞ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡
❞❡♣❡♥❞❡♥❝② ♣❛✐r t❤❡♦r❡♠s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❚❤✐s ❢♦r♠❛❧✐③❛t✐♦♥ ♣r♦✈✐❞❡s ❛
♥✐❝❡ ❡①❛♠♣❧❡ ♦❢ ❤✐❣❤❡r✲♦r❞❡r ❞❡♣❡♥❞❡♥t ❢✉♥❝t✐♦♥✳
▲❡t Cap ❜❡ t❤❡ s❡t ♦❢ tr✐♣❧❡s (k , f , v) s✉❝❤ t❤❛t✿
✕ k : N ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❛❧✐❡♥s✱
✕ f : terms k → term ✐s ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤✱ ❣✐✈❡♥ ❛ ✈❡❝t♦r v ♦❢ k t❡r♠s✱ r❡t✉r♥s
t❤❡ ❝❛♣ ♦❢ t ✇✐t❤ t❤❡ i ✲t❤ ❛❧✐❡♥ r❡♣❧❛❝❡❞ ❜② t❤❡ i ✲t❤ t❡r♠ ♦❢ v ✱
✕ v : terms k ✐s t❤❡ ✈❡❝t♦r ♦❢ t❤❡ k ❛❧✐❡♥s✳
❈♦♥s✐❞❡r ❛❧s♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥s✿
✕ sum :∀ n,Caps n → N ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ❝♦♠♣✉t✐♥❣ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❛❧✐❡♥s
♦❢ ❛ ✈❡❝t♦r cs ♦❢ Cap✬s (ki, fi, vi)✿ sum cs= k1 + . . .+ kn❀
✕ conc : ∀ (n : N) cs,Caps n → terms (sum cs) ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ❝♦♥❝❛t❡♥❛t✐♥❣
❛❧❧ t❤❡ ❛❧✐❡♥ ✈❡❝t♦rs ♦❢ ❛ ✈❡❝t♦r cs ♦❢ Cap✬s (ki, fi, vi)✿ conc cs= v1@ . . .@vn❀
✕ Vmap❴sum : ∀ (n : N) (cs : Caps n), terms (sum cs) → terms n ❜❡ t❤❡
❢✉♥❝t✐♦♥ t❤❛t✱ ❣✐✈❡♥ ❛ ✈❡❝t♦r ♦❢ Cap✬s (ki, fi, vi)✱ ❜r❡❛❦s ❛ ✈❡❝t♦r ♦❢ (sum cs)
t❡r♠s ✐♥t♦ n ✈❡❝t♦rs wi ♦❢ s✐③❡ ki✱ ❛♣♣❧② fi t♦ wi ❛♥❞ ❝♦♥❝❛t❡♥❛t❡ ❛❧❧ t❤❡
r❡s✉❧ts✿ Vmap❴sum cs =f1(w1)@ . . .@fn(wn)✳
❚❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ cap ❞❡✜♥❡❞ ❜❡❧♦✇ ✐s s✉❝❤ t❤❛t✱ ✐❢ cap (t) = (k , f , v)✱ t❤❡♥
t = f (v)✳ ❚❤❡ ✉s✉❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ❝❛♣ ✐s ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ f t♦ ❢r❡s❤ ✈❛r✐❛❜❧❡s✳
Fixpoint cap (t : term) : Cap :=
match t with
| Var x ⇒ mkCap (λ ⇒ t ,Vnil)
| Fun f ts ⇒
let fix caps n (ts : terms n) {struct ts } : Caps n :=
match ts in vector n return Caps n with
| Vnil ⇒ Vnil
| Vcons t n ′ ts ′ ⇒ Vcons (cap t) (caps n ′ ts ′) end
in if condition f then
mkCap (λv ⇒ Vnth v (lt❴O❴Sn 0),Vcons t Vnil)
else let cs := caps (arity f ) ts in
mkCap (λv ⇒ Fun f (Vmap❴sum cs v), conc cs) end.
■❢ t ✐s ❛ ✈❛r✐❛❜❧❡✱ t❤❡♥ t❤❡r❡ ✐s ♥♦ ❛❧✐❡♥ ❛♥❞ t❤❡ ❝❛♣ ♦❢ t t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥
❡q✉❛❧ t♦ t ✳ ■❢ t ✐s ❤❡❛❞❡❞ ❜② ❛ s②♠❜♦❧ f ∈ D✱ t❤❡♥ t ✐s ❛♥ ❛❧✐❡♥ ❛♥❞ t❤❡ ❝❛♣ ♦❢ t
❘❘ ♥➦ ✻✾✹✾
✷✵ ❋ré❞ér✐❝ ❇❧❛♥q✉✐ ✱ ❆❞❛♠ ❑♦♣r♦✇s❦✐
✐s t❤❡ ✜rst ♣r♦❥❡❝t✐♦♥✳ ❆♥❞ ✐❢ t ✐s ❤❡❛❞❡❞ ❜② ❛ s②♠❜♦❧ f ∈ C✱ t❤❡♥ t❤❡ ❛❧✐❡♥s ❛r❡
♦❜t❛✐♥❡❞ ❜② ❝♦♥❝❛t❡♥✐♥❣ t❤❡ ❛❧✐❡♥s ♦❢ ❡❛❝❤ ♦❢ t❤❡ s✉❜t❡r♠s ♦❢ t ✱ ❛♥❞ t❤❡ ❝❛♣ ♦❢
t ✐s ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ Vmap❴sum✳




❁s ✐ ❣♥❛ t✉ r ❡❃
❁♠❛♣♣✐♥❣❃
❁❢✉♥❃♠✐♥✉s❁✴ ❢✉♥❃
❁❛ r ✐ t ②❃✷❁✴ ❛ r ✐ t ②❃
❁✴♠❛♣♣✐♥❣❃
❁✦−− ❛r ✐ t ② ♠❛♣♣✐♥❣ ❢♦r r❡♠❛✐♥✐♥❣ s②♠❜♦❧s −−❃
❁✴ s ✐ ❣♥❛ t✉ r ❡❃
❁✴ ❛ ❧❣❡❜r❛❃










❁r❤s❃ ❁✦−− r✐❣❤−❤❛♥❞ s ✐❞❡ ♦❢ t❤❡ r✉ ❧ ❡ −−❃ ❁✴ r❤s❃
❁✴ r✉ ❧ ❡❃
❁✦−− r❡♠❛✐♥✐♥❣ r✉ ❧ ❡ s −−❃
❁✴ r✉ ❧ ❡ s❃
❁✴ t r s❃
❁✴♣r♦❜❧❡♠❃
❋✐❣✳ ✸✳ ❚❈● ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❚❘❙ ✐♥tr♦❞✉❝❡❞ ✐♥ ❊①❛♠♣❧❡ ✼
■◆❘■❆
❆✉t♦♠❛t❡❞ ❱❡r✐✜❝❛t✐♦♥ ♦❢ ❚❡r♠✐♥❛t✐♦♥ ❈❡rt✐✜❝❛t❡s ✷✶
❁♣r♦♦ ❢❃
❁❞♣❃ ❁✦−− ✭✶✮ ❛♣♣❧② ❉P tr❛♥s❢♦r♠❛t✐♦♥ −−❃
❁♣r♦♦ ❢❃ ❁✦−− ♣r♦♦❢ ❛ ❢ t ❡ r ♣❡r❢♦r♠✐♥❣ ✭✶✮ −−❃
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❁♣r♦♦ ❢❃
❁❞❡❝♦♠♣❃ ❁✦−− ✭✸✮ ♣❡r❢♦r♠ t❤❡ ❣r❛♣❤ −−❃
❁❣r❛♣❤❃ ❁✦−− ❞❡❝♦♠♣♦s✐t✐♦♥ ✉s✐♥❣ ❣r❛♣❤ −−❃
❁✉♥ ✐ ❢ ✴❃ ❁✦−− ❛♣♣r♦① ✳ ✈ ✐❛ ✉♥ ✐ ❢ ✐ ❝ ❛ t ✐ ♦♥ −−❃
❁✴❣r❛♣❤❃
❁❝♦♠♣♦♥❡♥t❃ ❁✦−−✭✹❛✮ ♣r♦♦❢ ❢♦r t❤❡ ❢ ✐ r s t ❙❈❈ −−❃
❁ ✳ ✳ ✳❃ ❁✦−− ♦♠✐tt❡❞ −−❃
❁✴❝♦♠♣♦♥❡♥t❃
❁❝♦♠♣♦♥❡♥t❃ ❁✦−−✭✹❜ ✮ t❤❡ s❡❝♦♥❞ ❙❈❈ −−❃
❁r✉ ❧ ❡ s❃ ❁✦−− s♣❡❝ ✳ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥t −−❃
❁ ✳ ✳ ✳❃ ❁✦−− ✭ ❧ ✐ s t ♦❢ ✐ t s r✉ ❧ ❡ s ✮ −−❃
❁✴ r✉ ❧ ❡ s❃
❁♣r♦♦ ❢❃ ❁✦−− ♣r♦♦❢ ♦❢ ✐ t s t❡r♠✐♥❛t✐♦♥ −−❃
❁♠❛♥♥❛❴♥❡ss❃ ❁✦−− ✇❡ ✉s❡ ▼❛♥♥❛−◆❡ss ❝ r ✐ t ❡ r ✐ ♦♥ −−❃
❁♦r❞❡r❃
❁♣♦❧②❴✐♥t❃ ❁✦−− ✇✐t❤ ♣♦❧②♥♦♠✐❛❧ ✐ ♥ t ❡ r♣ r ❡ t ✳ −−❃
❁♠❛♣♣✐♥❣❃ ❁✦−− ✇❡ ♠❛♣✿ −−❃
❁❢✉♥❃




❁♣♦❧②♥♦♠✐❛❧❃ ❁✦−− t♦ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✭✶✯① ✰ ✶✮ −−❃
❁♠♦♥♦♠✐❛❧❃ ❁✦−− ❢ ✐ r s t ♠♦♥♦♠✐❛❧ ✭✶✯① ✮ −−❃
❁❝♦❡ ❢❃✶❁✴ ❝♦❡ ❢❃ ❁✦−− ✶✯ −−❃
❁✈❛r❃✶❁✴✈❛r❃ ❁✦−− ①❫✶✯ −−❃
❁✈❛r❃✵❁✴✈❛r❃ ❁✦−− ②❫✵ −−❃
❁✴♠♦♥♦♠✐❛❧❃
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❁✴♣♦❧②❴✐♥t❃
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